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1. Systems
1.1, Introduction

The study of today’s complex problems — whether they originate irom
physics or engineering, from physiology or biology or medicine, from
economics or industrial management, irom psychology or sociology -
leads to a prowing tendency of specialization toward different disciplines.
As a result we are able to build up an enormous amount of basic knowl-
edge in particular areas or disciplines. However, this specialization makes
the communication between the disciplines more and more diflicult, or
often even impossible. Yet the need to solve real world problems, which
generally may be characterized by their strongly multi-disciplinary
character, demands a high degree of communication between these
disciplines. We are anxious, therefore, to develop one common language.
For this, the systems approach may serve, since in every scientific research
project we can recognize three essential, and very common phases:

(1) The study and formulation of real world problems, resulting in
one or another qualitative andfor quantitative model;

(2) The study of the mode! behavior; that is, the performance of a
sengitivity analysis of those factors which may influence the model
results, so that finalfy, on the basis of the model, predictions can be made
in newly designed situations;

(3) The interpretation and translation of the model results to the
original real world problem.

For such communication, system theory can be very helpful because
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it can be considered as a universal tool in formulating and solving a
great variety of problems. Before we are able to explain the real contribu-
tion of system theory to experimental psychology we first must come to
a generally acceptable definition of what a system is, This is not easy,
because most definitions in literature hive been restricted to a particular
field ol interest. In general we may say that a system is a part of the real
world, separated from its environment, and that it may or may not
have a relation to this environment. This means that the environment
may act on the system, and vice versa, The chosen boundaries of the
system arc arbitrary, and are dependent on the investigator's interests
and goals. System theory can contribute to the formulation of models
in order to describe the system behavior by supporting:
— Methods to formulate system models in completely different fields,
largely by recognizing analogies;
~ Methods for the analysis and identification of systems, and for the
guantification of the interactions between system and environment:
— Methods to classify different systems.
We re-emphasize that system theory can contribute significantly to
model formulation. In particular by the analysis of input-output relalions
we will be able to understand the structure, the parameters, and thus the
dynamics of the system under study.

1.2, General system definition

A more precise definition of a system is the following: 4 system is ¢
bounded part of the environment in which a certain structure is specified,
and which may have an interaction with its environment. We now define
the interaction between system and environment by inputs and outputs.
That means that the environment acts on the system by the inputs,
whereas the system acts on the environment by outputs. In the case
where the inputs and outputs are defined as a function of time, we call
them signuls. Input signals can be divided into non-controliable inputs or
disturbances or noises, and controllable inputs or control signals. The mosL
commonly used notations for the control signals, disturbances and
outputs are u(t), v(t), and ¥1), respectively (fig. 1),

We can represent a system by means of a block diagram. Here the
block represents the system itself, the control inputs are entering the
biock from the left, the disturbances (rom above, and the outputs are
leaving the block to the right. In addition the initial conditions, thatis the
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initial condition y(to )

disturbance w{t}

Fig. 1. An examplc of 4 system with control input uft}, disturbance o), output 1¢), and
inttial condition yir,).

condition of the system before the inputs acted upon it, enters the block
from the right.

In the context of this chapter we will only deal with causal systems,
that is, we will deal with systems where the outputs are the result of the
inputs. We will call those outputs responses.

1.3. Signal deseription

The description of systems can easily be reduced to the description of
signals and their mutual relations, without any loss of generafity, since
the system simply transfers the input into ar output. The system only
performs an operation on a signal. Therelore we will lirst describe the
different types of signals.

1.3.1. Signal characterization

The way we characterize signals is dependent on the properties of
interest. A possible breakdown is the [ollowing:

— Deterministic versus stochastic: A deterministic signal x{f} is a fune-
tion for which the amplitude is uniquely defined for cach value of ¢;
a stochastic signal X(2) is a lunction of time t which cannot be defined
in such a way; it is deflined in terms of statistical properties such as
probability densily [unctions or the moments derived herefrem (the
notation X(t) tefers to a stochastic signal, whereas x(f) stands for a
deterministic one, fig. 2).

- Continuous versus sampled: A continuvous signal is defined for all
values of ¢, whereas a sampled one is just delined at particular instants
of time {fig. 3).
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— Analogue veesus discrete or binary: A signal is called analogue when
the signal amplitude can have an infinite number of values within a
certain limited interval, whereas a discrete signa) will have a finite
rumber of values. A particular case of a discrete signal is the one that
has just two values; this is called a binary signal.

— Periedic versus non-periodic: A signal x(f) is said 1o be periodic
with a finite time period T when x({f) = x{¢t + T) for every value of .
A non-periodic signal will not possess this property; we can consider it
as a periodic signal with a periedic time Tequal to infinity {fig. 4).
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Fig 4. Example of a periodic signal and a non-periodic signal.

1.3.2. Decomposition of signals: The Fourier series

In order to describe the process of the decomposition of signals, we can
use the afore-mentioned distinction between delerministic and sto-
chastic signals. Since deterministic signals, such as the sinusoidal
function, the step function, the ramp function and the impulse function
(lig. 5), easily can be described as functions of time, these functions can
be approximated by the summation of a [inite or infinite number of
subsignals. The special significance of such subsignals is that linear
systems all have the property that the response on the summation of a
set of subsignals equals the summation of the individual responses fo
each of the subsignals. This extremely important property implies that
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Fig. 5 Sorme gxamples of often used deterministic signals,
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if the response of a system on a set of subsignals is known, the response
on any arbitrarily chosen input can be derived dicectly.

We also can consider the decomposition process as equivalent to
building a model of the signal, where by choosing the structure of the
model, that is by choosing the subsignals, a set of unknown parameters
must then be determined (fig. 6b). The procedure of the decomposition
process is as follows: Assume that we will approximate the signal x(t)
by the summation £{¢) of a number of a priori chosen subsignals u(r),
each provided with an unknown coefficient ¢,. Then it follows that:

N

ity = etn(r). (1)

k=0

Furthermore, et us assume that we would like to fit the approximation
over the interval [1,,1,] according to the criterion:

J= J |x(6) — ()" wir) dt, (2)

Now, the optimal approximation (1) of x(t) can be found by minimizing
ihe criterion function, in which the function w(t}) is called the weighting
Junction, the lunction x(t) — %(#) the error function, and the interval
fty,t,] the approximation interval. The exponent p determines to what
extent the error contributes to the value of the criterion function. Most
often quadratic criterig are used, that is p = 2, since in this form the
mathematical derivation is very simple. Then the optimal solution is

© ®

l vigol % (1) I lwoulmion XY | «(t)
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Fig 6. Decomposition of a signal into subsignals.
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obtained by setting to zero the partial derivalives of the cost Junction J
with respect to the unknown parameters ¢,, hence,

41

N
J[)ﬁ{:} - :;o c',u,{r)]uk{t}w(r) dr=0;

L3
k=01,....N. @)

The equation obtained in this way is called the normal equation; from
this the coeflicients ¢, can be derived. Much dull and needless arithmetic
can be avoided in determining the coefficients ¢, by an intelligent choice
of the set of subsignals t,(t), as well as by choosing a reasonable weighting
function wit). Il we choose those according to:

J‘u,‘(z}uf(;)w(:) dt =0 fork#! (@)
=d, fork=1

fy

where d, is a constant, it follows directly from the normal Eqs (3} that:

iz

Functions u,(t) as given by the Egs (4), where the weighting function
w(t) = 1, are called orthogonal over the interval [z, t;]. A great variety
of functions will satisfy the Eqs (4}, but it is indisputable that the most
commonly used one is the sinusoidal function, finally resulting in a
Fourier series. If we approximate a given signal x(f) over the finite
approximation interval {15, tq + T by £(t), then it foilows that:

H) = 3 [apcoskor + by sin ko] ©)
k=0

with @ = 2r/T. The approximation (8) is called the Fourier series.
Following the procedure just mentioned with p=2, wif) = 1, and
oti{l) = a, cos k! + b sin kwt, we obtain:
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By climinating the coeflicients a, and b,, that is by substituting the

Eqs (7) into Eq. {6), wc obtain the Fourier series. Withoul proof, the

foliowing important properties of the Fourier series are to be mentioned:
The coeflicients 4, and b, are dependent solely upon k.

- In choosing the approximation interval [y, t, + T, the initial time
I 15 arbitrary.

- Extension of the approximation %y(t}, based on the summation of
M subsignals. to £, (1) will result in a fower value of the cost crilerion
J. and thus in a better approximation; hence:

lim Jy = 0. and lim £,(f) = x{(1).
N = N=u

In the literalure, the Fourier series as given by Eq. (6) is often given in a
different way. Based on Euler’s formuia,

. 1
cosmt = JeM 4 ¢~ sinawn = 5,{0""" — 7, (8)
f

a complex version of the Fourier series can be fermulated:

uh

sy= Y ro* wilhw = 2/T, 9

k=~

h:"‘r
xrye Mdy, k=0, 20 £2,..., {10)

fir
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where the coeflicients r, are defined as follows:

Fo = g,
Fr =12{ak_jbk)‘ k=1,2,..., {ll}
roe=Ha +jby) k=12,

It follows that:

x{t) = Ay + 3. A,cos(kmt ~ 9)), {12)
k=1
Ao =a9, @o=0,
z yl (13
Ay = Jag + b, @ = arctg b;/a,.

We can consider the components of the Fourier series as sinusoidal
subsignals with a radial frequency kw, and amplitude A,, and a phase
shift ;. Usunally the quantities A, and ¢, are plotted as functions of the
radial [requency kw; the diagram obtained in this way is called the
spectrum of a signal. For periodic signals with a finite time period T, the
spectrum only exists for radial frequencies kw = k2n/T; such a spectrum
is called a line spectrum. The representation of the quantity r,, in the
form of |r,] and arg {r;} resuits in a line amplitude spectrum and a line
phase shift spectrum.

Finally, one other important property of the Fourier series should be
mentioned, namely the Theorem of Parceval, This theorem can be seen
as a direct conclusion of the combination of Eqs (6) through (13):

1w+T
1 @
= x}eyde = ad + 3 Hap + b)) =
T =1
s
= 3 InP=43+ Y 44} (14)
P A=l

The theorem shows that the mean squared value of x{f) at the interval
observed is equal to the summation of the squared Fourier coeflicients,
hence the theorem symbolizes a power balance.



106 Chaper 4 Spstems, it i, and grammars

133, The Fourier and Laplace transform

Based on the compiex serics, Eqs (9) and {10), valid for a finite approxi-
mation interval {14, + T, we now can extend the interval to infinity
by choosing t; = —1T, and consequently by taking T -+ o0, Tt then
follows that:

X8 = Jl X() /™ dp, {19
X(v) = J x(tye A dy, (16)

where the quantity X{v)is called the Fourier transform of x(t). Asexplained
for the complex Fourier series, we can represent the Fourier transform
by the quantities | X(v)| and arg {X{(»}} as a function of the frequency v.
The figure obtained in this way is called a continuous amplitude density
spectrim since:
~ With the transition of T — co the spectral lines of magnitude ¢, spaced
at distances of 2n/T will become inlinitesimally close Lo each other.
— The dimension ol X{(+} wiil no Yonger be that of an amplitude, but that
of an amplitude density, since X(v) 2 ¢,T = ¢, /v.
Analogous to the Fourier series, the Fourier transform can be secn as the
decomposition of a signal into subsignais; however, we now deal with
the decomposition of non-periodic signals into sinusoidal subsignals.
Many methods in signal theory and system theory make use of these
iransforms. By means of a one-io-one relation we transform the original
Junetion into the cransform image; we say that we transform [tom one
domain Lo another. In this case we citll the domain of x(i) the time domain,
and that of the transform X (v} the freguency domain. Due to the one-10-
oné relation between original function and transform image we also can
derive from the transforms X(v) the original funclion x{t). This operation
is called the inverse transform. Thus we oblain lor the Fourier transform:

* o0

F{x(0)} = X() = j e dr, 06

-

and lor the inverse Fourier transform:
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o

FHXM) = x(f) = j X(v) e dy (13)

-

The great importance of these transformation techniques can be illus-

trated best by noting the following poiats:

~ The transform or decomposition of the original function into sub-
signals often provides better insight into the original function.

- Particularly complicated and difficult calculations such as the solution
of integral equations can be performed much more casily in the newly
obtained domain. In spite of the fact that we now have to add a
transformation and an inverse transformation to our calculations,
we often gain significantly in time in following this procedure {fig. 7).

Comphcated operationt an
alth y{t) t —————™ x{hand yli), with 2l a8 f—————————, i}y

fingl resuly |—'

Fourier translorm _I Time darnain Inverse Faurier

of xitt and yi1) Froguency domain 1 vantform of Zte) T

| .___r
. Simple operations on r4
Xtv): ¥iv) Aiv) and Y, wilh L

Zie) a3 final result

Fig 7. Application ol the Fourier transform in order to simplify particular mathematical
operations.

It is important to specify under what conditions we are allowed to use
the Fourier transform, or, to say it in another way: For what kind of
original functions does the Fourier transform exist, so that the Eqs {15)
and €16} will converge at alf times? It can be proven that a sufficiens,
but not a necessary, condition for the existence of a Fourier transform
of the original function x{t} is, that this function is absolutely integrable,
thus,

"
&

peie)l dt < oo. (17

1
8
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The class of functions fulliliing this property is thus restricted 1o the
normal functions: this implies that a large number of very impotiant
functions such as xi¢} = ¢™ with ¢ > 0 will not have a Fouriet iransform.
This problem can be solved by calculating the Fourier transform of the
function ¢ *x(r), with the constant A being & real constant, In the case
that the function x(r) docs not converge for £ — oo, but very strongly
converges for ¢ —» —co, we now can make an intelligeni choice for the
factor ¢ M, so that the integral is forced to converge for ¢ — a0 whereas
it stilt converges for ¢t » — x. By introducing the complex quantity s,
called the complex frequency, s = 1 + j2rv = A + jw, we obtain from
Egs (16} and (15):

il

faggixte)t = Xpis) = J xrje Moz gy o

r

= J aftye =¥ de, (18)

a

L 1 X)) = i) =¥ I X ofs) €27 dy =
Lt
o i XII{N} e dS. {19)

2n
A= fus

This newly defined transform is called the two-sided Laplace transform.
The factor ¢ # forcing the integral to converge is only effective at one
of the indervals ¢ > (or ¢ < 0, whereas at the other interval the effect is
just the appaosite: it will make the integrat diverge. Thus, based upon the
vrigimil functions which converge after multiplication by the factor
¢ M with 1 > 0.1he lwo-sided Laplace transform will exist, Unfortenate-
Iy, only very few time-functions will meet this property. However, a very
important elass of functions, namely the functions which are equal to
sero for ¢ < O will do so, For those functions the factor e~ will force the
intepral al the interval + > 0 to convergence, whereas the factor ¢~
dows not uffeet the integral in the interval ¢ < 0, [n this way we obtain
the pie-sided Lapluce transform:
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L{x({®)} = X(s) = J. xoe ™ dt, {20)
]
A+ jeo
=1 = — _l_ st
LYX(3s)) = x(t) = 21:,1“ f X(sye“ ds, {21}
Sie

A sufficient condition for the cxistence of the one-sided Laplace trans-
form is that the original functions are normal and exponential of the order
g for ¢ > t,. That means |x(t) > ¢,| < M ¥, where the quantities M
and ¢, are arbilrary but finite constants. Analogous to our discussion
of the Fourier series and Fourier transform, we can consider the Laplace
transform as the decomposition of the original function into subsignals,
where the subsignals in this case are sinusoidal signals with increasing
amplitudes. This behavior is caused by the [actor e,

Until now we have only discussed the description of continuous
signals; the application of digital computers, however, forces us to
consider also the sampled signals. The treatment ol the sampled signals
does not differ from those of the continuous ones. The direct extension
of continous signal theory to the discrete case is embodied in theory of
automata. Because of the fact that sampled signals have only been defined
at particular instants of time, the Laplace transform does not exist in the
way we discussed. A modified version of the Laplace transform called the
Z-transform was developed specificaliy to handle the sampled signals.

Within the scope of this handbook we believe it is better not to devote
too much space 10 all properties and calculation techniques for determin-
ing Fourier and Laplace transforms. We therefore only summarize the
most important properties in table i, Because of its great importance in
system and signal theory two properties will be elucidated, We will start
with the convolution integral:

!

L{in{r)xz(r - r)dr} = X {s)X,(s),

0

L{x,i0x4{0)} = i"::}' f X ()X (s — o) da. (22)

¢ fob
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Eq. (22) iHustrales the importance of the transform techniques: A
convolution integral in one domain is, after transformation, a simple
multiplication in the other. The second important example is the
trunsform of the derivative of a function:

Lix"()) = ¢ X(8) — "' x{0) — ... ~ x" 7 V(Q). (23)

This cquation is the basis for the solution of differential equations, and
thus for the description of systems, since a differential equation in time
domain becomes an algebraic equation in the frequency domain, The
solution of the differential equation with the help of the Laplace trans-
form will lead 1o the complete solwtion, including both the homogencous
and the forced solution (integration interval [0, oo]). The selution
obtained by the Fourier transform only will provide us the forced
solulion (integration interval [ —oo, @]k In general we can conclude
that the Laplace transform is quite applicabic to solving differential
cquations, as well as 1o solving ordinary lincar differeniial equations
cither with constant or time-varying coeflicients, and to lincar partial
dilferentinb cquations. The Fourier transform is very suitable for the
decompuosition of functions into sublunctions. By vsing the properties
given in able 1 andfor any book on translform techniques which gives
pairs of time lunctions and their transforms, we are able to translorm
almost iny ordinaey function. Table 2, finally, summarizes thosc original
time functions and their transforms most commoaly ased in sysiem
and signal (heory.

{34, Description of stochastic signals

In section 130 we indieated that stochastic signals are not explicitly
delined as functions of time; the deseription of such signals can only be
achieved i lerms of probabilities. We will use Tor this U probability
density function, well-known in probabifity theory. Given a random
varkible vig) based on an ensemble ¢ we define the probubility density
funclion as:

fdyy - \Iim" Priv < i) S X+ Axj/Ax (24)

The quantity flx)Ax indicates the probability that the random varinble
o) has o vidue between x and v 4 Ax. 1 the random variable %)
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also is a function of time, hence X(r; ) is a function of time r and ensemble
{, a sel of time functions arises which is called a stochastic process. The
realization X(t; £y) of X{t; £} belonging to the element {, of the ensemble
{ is thus a time [unction; the stochastic process at a particular moment
is a random variable X{t,, {). Probability theory ig applied to random
variables, andl thus can be applied also to a stochastic process at time £y-
In this case we obtain a probability density function as a function of
time t, hence:

Jelx, 1) = hl;_rfla Pri{x < X(:{} & x + Ax}/Ax. 25)

The stochastic process is said to be stationary if the probability density
function oblained for the ensemble does not depend on time, so that

Sdx, 0 = felx, t + At} = felx) for alt At (26)

From these probability density functions we can derive a number of
important statistical properties calied moments, such as the first order
moment Or mean value or mathematical expectation ny:

e = E{X(e:}} = j xfelx}dx 2

and the second order moment, such as the megn synare error ot variance at;
i

o} = E{[®(6;$) — ne]*} = _[ [x — ne]2falx)dxx. (28)

=

The Egs (27) und (28) give only static information of the stochastic
process; dynamic information such as frequency distribution and time
dependence can be derived from the joint probability density function
Seelxy . %35 ) of Lbe stationary stochastic process at two different instants
of time tq and 1, + 1; thus from Xt,: {}and B, + 1;0):

j:?_'{xnxz, f} = hl‘:im" Pr{xl < R(l’;c} g xl + AJC,,
Avan i)

Xy < F 4+ 1,0 S xp + Axy }/Ax Axy. 29
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In the same way as in probability theory the correlation coefficient
between two random variables has been defined, we can define such a
coellicient between (wo stationary stochastic processes at a4 time dif-
ference 7. Such a statistical quantity will provide us with information
about the interdependence of the two processes as a function of time
difference 7. We can define three different second-order moments, being:
the average product funetion Rgg(t):

-1 [o:]

Reg(t) = E{Z(; O0%(t + ©; ()} = JA J X1X3 ferlXy, X3, Thdx, dxy,
T m® 30)

the covariance function Coglt):

Ceelt) =

—

(R0 — m][(Ze + 1.0 ~ne)) =

by —nel[x2 - ’?i]fsx(xh X2;7) dx; dxg, (313

5';‘--—-.3
3"—"‘-“38

and finally the correlation function K gt}

Kpylt) = Crsltyat. (32)

The characterization of the stochastic process by Eqs (27} through (32) is
based on an averaging across the ensemble. In sysiem and signal theory,
however, we deal with time functions or signals. We therefore have to
build a bridge belween the statistical quantities obtained for the ensembie
and a description in the time domain. This is achieved by estimation
theory, by defining the following estimators of the stattonary stochastic
process. These estimators are time-averages of realizations of the sto-
chastic process.

N
figl) = lim 2[1" j X(t; 0y dr, (33)
-T
N
) = hm 57 J [x(e: 0) — Ael)]? de, (34)

-1
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¥

. B i 1
Rideidy = lim 3 J-ﬂ-‘:ilf{r + 7 {)de, (35)
2 )
,

. o
Codil) = lim o J [R1: 0 ~ O [R(r + ©:0) — 44D 4, (36)

-7
Kodt:0) = Codlts SYaHE). (37)

The estimiators B (33) through Eq. (37) can be associated with the
statistical praperties B (27) through Eqg. (32), so that we finally obtain
it relition belween ensemble average and thue average (ergodicity).

When considering o stationary stochastic process with a mean value
Yol

SR IS R/ TS (38)
aml wul o variance of the estimalor g, Eq. (33), according to Eq. (39):
I | Ay, 2 HENTN {§ (39

wo il thatl stochastic process ergodic with reference Lo the mean value.
W the estimator Eg. (33 sitisfies the By, (38) the cstimator is said 1o be
eerrdivisend a1 atlsor satisfies By, (39) the estimator is called consistent,
The same s teue for the estimadors Eq. (34) through Eq. (37). [t can be
proven that all of the estimators considered here are consistent. In the
wise Huet alb estintistors which can be delined for the process under
cansideration salisfy similar cquations as given by Eqs (38) and (39), we
spwith of o sirietly ergaidic stochastic process. Tt is important to realize
thiat an erpodic process implies thal (he process is stationary; the inverse
i verLnnly nat true, The ergadic property of a stochastic process is the
Binis Tor the deseription of time functions, since this property associates
the deseription of o sigast in the tme domain with Lhe calculus of
stadistieal quatities in the ensemble domain.

1 lie devompasition of stochastic signals in subsignals is not meaning-
tul i e present context. On the one hand 2 transformation of a sto-
chintic provess (i J) is not possible because there does not exist a dircet
velation between the provess and the time 7. On the other hand, ihe
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transformation of just one realization X{t: 1) of the stochastic process
(t; ) at the interval {0, T] provides only information about that single
realization, and not about the stochastic process as a whole. A quantity
which certainly provides information about the complete stochastic
process is the so-called power density spectrim S.(v) which is defined as
the Fourier transform of the averuge produet function Rygf1):

Sze(v) = F{Raplr)} = J Redrye™#2 dr, (40}
Rot) = F~1{See{M)} = j Sa.vyel* ™ dy. (@1

The definttion of the quantity Spo{v) can be explained as loliows, Accord-
ing to Eq. (42) the average product function Rt} of the stochastic
process &{z; {) can be rewritten as:

Roelt) = E{Rglt)] = E{ Jim 231; e O + 710 ded. 42)

—g‘—‘_ﬁ"!

From the definition of the Fourier transform and Eq. {40} we can derive
that;

Sz} = F{Ryi0)} = E{ 7'1-1130 z—i.]‘.: |3_((”;§]lz}. {43)

in which the quantity X{v:{) the Fourier transform of a particular
realization of the stochastic process ¥(¢: {) means that:

Xv:0= J. X e A dr =

= 1!il‘n Rt De o e (44)

——

~
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In other words, the quantity ¥(v;{) is the amplitude density spectrum
of the realization %(¢; {), whereas | X(v; {)]* represents the power density
as a function of the frequency v. The quantity S;4(v} then is an ensemble
average of the time average power density limy_ (12T X(v;{)|%
Thus the power density spectrum Sge(v) is a statistical property in the
frequency domain of the stochastic process X{t; {); it indicales in what
way the power of the process is distributed over the frequency span.

Of course we should also define an estimator for the power density
function. It seems logical to base such an estimator on the average
product function, hence:

T

Sedvi@) = lim J Roslr; Do de =
s
;
= iim | | %9 1 ’ (45)
Y e :
-T

Tt can be shown that this estimator is unbiased, so that E{S,{v;{)}
= S{v), but, the estimator is not consisient. Assuming that the stochastic
process is normally distributed, the variance of the estimator is:

E{[Sulv;0) = E{Szl: 0} *} = 83v) (46)

and thus differs from zero. For practical application therelore, we always

use the unbiased and consistent estimator Sg{v; {) according to:
v+ Ay

Selees {) da

Seolvi) = 124 A , withdv £ 0 47

The estimator Eq. (47) is unbiased and consistent due to the averaging
of an infinite number of sinusoidal subsignals over a [inite [requency
interval 2Av.

An example of the description of some signals either in the time domain
or the frequency demain is given in fig. 8.
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Fig 8. Examples of deterministic, periodic and non-periodic, and stochastic signals in the
time and frequency domains.

1.4. System description

Having discussed the basis of signal theory, we now can proceed with
systemn theory, Therefore we will classily the different systems according
to their specific properties.

14.1. Classification of systems

Table 3 represents a classification of systems: In this table the proper-
ties listed in a row are mutually exclusive, those in a column, however,
are not mutvally exclusive.

~ Static versus dynamic, A static system is a system of which the cutput
#¢) at instant of time t, is only dependent on the value of the input u(t)
at that particular instant, and the instant of time ¢, itself. For a dynamic
system the output y{f) at the moment ¢, is a function of the history of
u(t) for t < ¢, and also of each 1 smalier than ¢,. Thus:
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static: Mt} = f{ult) b} (48)
dynamic: W) = f{u(t:1o,8.), 3 Mto)}. {49}

The notation u{t: ¢, {,) means that the signal u(i) is considered over the
interval 1, through ¢,. The quantity ¥{ty) is called the initial condition.

— Concentrated versus distributed: A concentrated systemis character-
ized by variables such as inputs and outputs which are dependent on
time as well as spatial coordinates. The input-output relations are
described by partial differential or difference equations. A concentrated
system has only inputs and outputs which are funclions of time; it is
described by an ordinary differential of difference equation.

- Constant versus time-varying: A system is described by input-
output relations, of which the structure as well as the system parameters
determine the syslem behavior. In the case that the system parameters
are time-dependent il is said that the system is constant; il the para-
melers are time-dependent the system is said to be time-varying. The
system rtesponse y(t.} of a lime varying system thus becomes:

Mty = STade: to, e 9(t0)]: (50)
while that ol a constant system is:
Mty = [Lule: to,1): to)]- (31

Here it shouwld be noted that an equal distinction can be made with
regard to the system structure.

Table 3
Classification of systeins.

Classilication Mutually exclusive properlics
slatic dynamic
concenlriated distributed
canslang time-vasying

Nan-mutually exclusive properlics deterministic stochastic
linear tion-linear
conlinuous discreie

scular multi-variable
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- Deterministic versus stochastic: A deterministic systent I8 a system
for which structure and parameters are explicitly defined as a function
of time, whereas for a stochastic system the structure and parameters can
be explained only in terms of probabilities.

— Linear versus non-lingar: Let us assume that the response of a
syslem with initial condition y(t,) and input wft: s, 2. is equal to
yit,). and that the response to initiai condition y{ty) and input
uy )t :tg, L) is equal to y,41,). Then the system is said to be linear if:

- The system is linear with respect to the input:

SEensle: to, t), 15 ¥te)]) — STeyme s to, 0t ¥(te)] =

= f[cluI(: . "'0! te) - l’.'“u]l([ : tDl tc}! t; 0}; {52)
that is, the difference between the system response to the inputs
oyt tg, ) and cpuplt:te.t.) with equal initial conditions y(¢;)
should be the same as the system respomse to input cu(t: ¢, t,)
— cyptiylt t 1y, 1) with initial condition y(t,) = Q.

— The system is linear with respect to the initial condition:

f[h‘(f : fu, te}i t; "ll"tffo)] - f[;i[ : t(‘.la !e)v ""; “u)’n[fo)] =

= {0, eyito) ~ ¢ypalia)) &3)
or, the difference between the system response to equal inputs u(i: ty, £,),
bat different initial conditions ¢yy,(t,) and ¢, yyfte) should be the same
as the response on an input w(t:fy,t) =0 and an initiai condition
eivlte) — enbnlte)

A linear system must satisfy both properties for every value of i),
it ig,t,), tos 4, and <. IT & system does not satisfy either or both of these
properties it is called a non-linear spstem.

— Continupus versus discrete: Continuous systems are systems whose
inputs and outputs are continuous, while discrete systems have sampled
inputs and outputs. Continuous systems are described by differential
equaltions, discrete systems by difference equations.

— Scalar versus multi-variable. A scalor system is a single-input, single-
output system. A system with more than one input and/or output is
said to be multivariable {fig. 9). For convenience vectoria! variables
are often introduced. The descriplion of a multi-variable system with
rinputs and m outpis,
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u.![t) y1(t)
—_—
(1} [t “—-12“} ol AL (8
t t [ varj . u Iti-
U Ey—' 3 5:;:!?'!'5‘ T e vma.:i:ble i——-—
u lt) Yt t) systemn
NLASMEY L.

Fig 9. Block diagram of a scaiar and mulii-variable sysiem.
3’1({¢] = filust s toutd o 0t tg, t) 6 yilto) - . L Valtol]s
ym(rr.') = fﬂl[ul(I : [0, rs)’ R ur(‘ : tm 'Ee)» t; y]{to) LR ym(to}]a (54)

can now be easily formulated as follows:

Pt = fLult: tg. t,) £5 Jeod): (55

This formulation is the basis for the state vector description.

A particnlar class of dynamic systems is that of constant discrete
systems. These systems are commonly called automata, and they are
related to the grammars discussed in the second part of this chapter,

The classification into linear and non-linear systems is by far the most
important one, The description of linear systems can be achieved in a
closed analytical way. In general this is not possible for non-linear
systems and it wili differ [rom system to system. We will therefore discuss
linear systems in more detail.

1.4.2. Linear systems

The two linearity properties, Eqs (52) and (53), logether form the
superposition principle, a most important principle. The superposition
principle teaches us that the response of a linear combination of sab-
signals is equal to the corresponding combination of the responses to
these subsignals (fig. 7). This property is true for the inputs as well as for
the initial conditions. As a consequence the principle shows us that a
linenr system can be characterized by just one function: the impulse
response kit 15} 10 the impulse function 8t — £5).

1.4.2.1. Description by means of impulse response,  The system responsc
can priucipally be determined by forcing a system with an impulse, In
practice this is actually not possible, since a pure impulse does actually
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not exist and can only be approximated. However, in theory this is a
very satisfactory way of describing a linear system in the time domain
(fig. 10), and therefore it is often used. From the definition of causal
systems it follows dircctly that the impulse response ht; ) = 0O for
¢ < tg. Ifin addition the system is constant we obtain Kr; t,) = Mt — 4}

slt:t) hit:t)
T impulss T impulse
function responsa
1 I\
0 to FE—— 1] to —_—f

Fig. 10, The impulse response.

An important property, derived from the definition of the impulse
function, is

u(t) = j wz)(t — 1) dr, (56)

which says that any input to a system can be considered io be compesed
of the summation of impulse functions each having an area u(z)dr. This
means that according to the superposition principle the output of a
linear system can be written as:

Wy = J. u(th{t ~ ) dr. (57)

Thus for causal systems we oblain:

1 o0

W) = f u(thie ~ 1) dr = J' ut — Dty de = u(e)he). (58)

=

Equations such as Eq. (38) are called convolution integrals, According to
Eq. (22) we can transform this equation into a product of the Laplace
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transforms U(s) and H(s). Based on the Eqs (57) and (58), for any linear
systemn the system response to an arbitrary but deterministic input can
be achieved, since by measuring the output y{t} of an input uft) we are
able to calculate with Eqs (57) and (58) the impulse response. In the case
that the inputs are stochastic we cannot simply apply the Eqgs (57) and
{58) since the input @(¢; {) is not explicitly known as a function of time.
However, of course, Eq. (57} is also valid for a constant system with a
stochastic input #(t; {); hence:

o=

¥l = f a(r — 0; D@6 do. (59

—ay

By multiplying both the members of Eq, (59) with the term e — 7;{),
and by taking the mathematical expectation, using the definition of the
average product function, we obtain:

Ry{t) = j Rzt — () df = R{x)ehiz), 60

=i

Here, we call the function Rt} the average cross product function:

Riylz) = E{@(; [ + 1:0)) = j J.uyfﬁ(u,y:r)dudy‘ (61)

The function Rg(r) represents the relation between the stochastic
processes mi¢; ) and Jlt + 7:{) as a lunction of the time dilference .
In the same way it can be shown that Ry{t) = Ry{t)*A(7), so that:

Ryglt) = Reg{t)eh( —1)wh(z). (62)

R--(r) Resir) Ry (1) {t it)
0 f .

Iig |k System description by means of Lhe impulse response for detcrministic and
stochastic impuls.
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1.4.2.2. Description by means of differentiol equations. The determina-
tion of the system response y{t) can also be achieved by solving the
differential equation which gives the relation between input and output
of the system. In general a linear concentrated system is given by the
following ordinary differential equation:

d™y{e) d"iyn dyo)
d, dr [+ df‘_l +‘..+01E—+a0}'{l}=
(63)
_ ., 4wy dult)
= f{t) = b,“ dtm + ...+ b T + Bau(t).
For time-varying systems the coefficients afi = 0,1,...,n) and

b =0,1,...,m will be functions of time; for constant systems those

coefficients will be time-independent. in general physical systems will

satisfy the relation m £ n. The integer # is said to be the order of the
sysiem. The solution of the differential equation will provide us the
total response. If the function f(t) = 0, we obtain the natural response.

If the initial conditions are equal to zero we obtain the forced solution.

The maost general method and, incidentally, the easiest, makes vse of the

Laplace transform. The calculation can be summarized as [ollows:

— Assume that f{t) = 0, and determine the Laplace transform of Eq. (63).
As a result we obtain the Laplace transform ¥{(s), so that after calculat-
ing the inverse Laplace transform we obtain the natural response.

— In the case that f{) # 0, and with zero initial conditions, we obtain
after transformation of Eq. (63)

[a,s" + a2 8" 4 ...+ a5 +ag]Y(s) =

=[5y + b iS"L 4 oo+ bys + BoJUIS), (64)
From Eq, (64) the response y{t) can be calculated by taking the inverse
traasformation of Laplace transform Y{s).

— The total response is now achieved by adding the forced response to
the natural response.

Often the response is split up in a different way, namely the transient
and the steady state solution. The transient phenomenon is that part of the
total response that converges {0 zero as ¢ — o0, the part that does not
equal zeto for t — <o is suid to be the steady state solution.

Finally we show the relation between the impulse response and the
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solution of the differential equation. According to Eq. {58) a causal
linear constant system can be described by:

o) = J ult — ) d, (65)
Q

where u(f} is the input. After Laplace transformation and using Eq. (22)
it follows that:

Y(s) = H{s)U(s), {66)

where the function H(s) is said to be the Laplace transform of the impuise
response h(t). This function is called the transfer finction. From Eq. (64)

we learn with regard 1o the forced response that if Eq. (64) equals Eq. (66)
we obtain:

Yis) _ bus™ + by S™ T+ Bys + b
Us) as"+a,,8 ' +... +as+4a’

His) = (67

In this equation the polynomial (a,8* + a,_,5"~! + ... + a;5 + ag) is
said to be the characteristic equation. It can be shown that, indeed,
Eq. (67) holds, and thus that the transfer function is:

«£
His} = L{#p)} = J hit)e * dr. (68)
1]
The same equation can be derived for the Fourier transform, be it that

the initial conditions are left out:

Y(v) = HWUW), (69)

with:

H(v) = F{h)} = J h(e) e 92 4t (70)
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Uy) Yy} Syl Sg300) S55¥)
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Fig 2. Description of linear constant causai systems by means of transfer functions.

1.4.2.3. Description by meuns of the transfer function. Eqs (66} and (69}
describe a linear constant causal system with deterministic inputs {fip.
12); this is a description in the frequency domain. The description of a
system with stochastic inputs follows directly by applying the Fourier
transformation to Eqs (60) and (62):

Si(v) = H{)Slv), (1)
Sss(v} = Se(MH(—¥) = SpdVHEH(~v) = |HM)|? Sglv). (72)

Hete it should be mentioned that Eq. (71) gives phase as well as amplitude
information of the transfer function H(v), whercas Eq. (72) contains just
amplitude information, The transfer function H(v) may also be considered
as a frequency response, obtained by the response to a sinusoidal input
() = gcos 2rvt. It can be shown that the ratio between the amplitudes
of input and output of the linear constant system is equal to |E{w)],
whereas the phase difference between input and output equals arg H(v).

1.4.24. Stability. The stability of a system is determined by its dyna-
mics. On the basis of the impulse response we can define the stability of
a system as (ollows: A system is stable if, and only if; the impulse respense
tends to zero [or t — oo. Thus from

n -t
h(:}:L"{H(s)}:L"{b"“g + by 8 +..‘+bls+so} 73

4, +a,.8 . as+a
it follows that the roots ol the characteristic equation

as® + (" kb asFay =afs =S U ~ 5. 05 —85)=0
(74

must have a negative real part: R(s) = A, <0fori=1,2,...,n

14.25. Complex systems. The boundary of a system is arbitrarily
chosen; often a combination of many subsystems forms a single new
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system. By means of a block diagram the structure of such a new system
can clearly be explained. A number of different structures can be te-
cognized.

— Cascade series of subsystems: In a cascade series the output of the
first subsystem is the input of the second subsystem {fig. 13}. The impulse
function K¢ of the complex system obtained in this way then becomes:

e} = hy()shy{e), (75)
so that for the transfer fanction H{s) results:

His) = H,(s)H,(s). (76)

¢ (t) T v, (=0 ft) Y Lith it YONXOFTY y,(t)
L . - i i

U, s} Hyls) Yl{s}-Uz{s}F Hyls) Yolsh  ujfs) His)=H,{s)H (<) Volsh

Fig 13. Cascade series of subsystems.

~ Parallel series of subsystems: In a paralle] series of subsystems the
input drives both the subsystems, after which the responses are added
(fig. 14). It can be shown thal the overa!f response of the system will be:

(&) = () + hylt), (7
H(s) = H(s} + Hals). (78)
hy | At

Hyfs) | v is)

uit) hytth _fzm + rlt}=y1!t}+v1{t) ut) [ hith=h,(theb it) yit)
uls) iﬁztx) Vzisl* Y(s}=Y1(s)+Y2[s} U{:'I H(s}uH1{s)+H2(s} y[s)l

Fig. 14. Parallel series of subsystems.

- Closed loop systems: For a closed loop system we feed back ihe
output y,(1} of the subsystem H,(s) in the forward loop via the feedback
loop with subsystem F ,(s). We now can derive that (fig. 15):

His) .
H(s) = ﬁ;{_s} with H(s) = H ()H,(s) (79)
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The transfer function H(s}is called the open loop gain. After applying the
inverse Laplace transformation we obtain:

- H(s)
= 1
-1
w0+ e famg] v ww [ MOSUTEEE
- —— = -
v o4 EE T TNE 0 Laee — T e
1+H1{slH2(s)
dit) hylt}
T 0fs) [Hols) |

Fig. 15. A closed loop system.

1.4.3. Non-linear systems

As mentioned before, a non-linear system is defined as a system that is
not linear, that is, it does not satisfy the superposition principle. This
definition is a very poor one, however, since it only excludes the possi-
bility that a particular system possesses a certain property, be it an
important one; it specifies no other property. The behavior of non-linear
systems is described by non-linear algebraic, differential or difference
equations. Rarely are we able to find a closed analytical solution; a
geaerally applicable method to solve these non-linear equations may
be expected never to be found. In system theory, however, we mainly
are interested in the behavior of a system around a certain operating
point, so that by linearization around the operating point a useful descrip-
tion can be derived. In this way we obtain a linear description of the
non-linear system, valuagble around a particular operating peint. This
approach makes it possible to apply the theory of linear systems to
non-linear systems,

A more profound study of non-linear systems will teach us that:
— The behavior, static as well as dynamic, will depend strongly on the

input.
- In general the systemn will generate higher harmonics of the forcing

input; sometimes even the fundamental frequency will disappear in

the output.

14.3.1. Linearization of constant static systems. Linearization of a
non-linear systemn around an operating point leads to a linear descrip-
tion. Observe now the constant static non-linear system:
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yn = glul))}, (81)
where the function g{ift}} represents a non-linear, continwous, and

differentiable function. Then, according to the Taylor series around the
operating point g{s,), we obtain:

) = gin} +

[u(f} - qn] + 2d 2 [N(I} - 'fn]z “r {82}

u

By neglecting the higher harmonics, it follows that:

o) = gin} + =

Lty — 2] (83)

thus for small variations around g{n,} we obtain the relation:

k(ﬂu) = -h

du (84)

The gain kin,) is a function of the operating point g(n,) of the non-
linearity, or, with reference to the input it is a function of the mean vaiue
1, of input u{t). Here we should note that this linearization technique
can be applied in a significant way only i the variations in u{t) around the
mean value s, are relatively small, such as in closed-loop systems. For
open-loop systems these variations may often be too large, so that such
a simple linearization technigue leads to too great a simplification. In
those cases it is worthwhile to apply the method of the statistical lineariza-
tipn or the method of Booton. This method is based on the [ollowing
philosophy. Assume that the input %t ; £} has a mean value equal to zero,
and that we can approximate the linear system by an equivalent pain
k (0, o), that is, a linear constant system, Then, by minimization of the
difference between the output ¥t; ) = g{u(t; {)} of the non-linear static
system and the output 7*{t; {) = k0(t; ) of the equivalent linear system
according to a quadratic criterion, we obtain the least-square estimate
of the equivalent gain (fig. 16). It can be shown that with:

(e 01} =0 (83)
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s{ty) ] Yt
1 system |
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. linear Y {t;':)- +a(t;;}
system

Fig. 16, Statistical linearization of a constant static non-linear system.

we obtain the following relation for k{0, a;):

J ug(u) filu) du @
1
kf0,09) = ——— = P J‘ ug(n) fou) du. (86)
w3 fo{u) du m®

A number of remarks shouid be made here.

— Eq. (86) shows that the equivalent gain k{0, o) is a function of the
variance o2; in fact one should know the probability density function
Ji{u) in order to be able to determine £,(0, a;). The method discussed
here is not restricted to Inputs with a mean value equal to zero,
although for 5; # 0 the calculation becomes much more complicated.

— Because of the fact that the equivalent gain is only a constant system,
the method is restricted to non-lingar constant static systems.

-- The methodolpgy followed in obtaining the optimal equivalent gain
is similar to that applied to the decomposition of signals into sub-
signals; it ig of interest to compare figs 6 and 16.

1.43.2. Describing function method. In order to describe hon-iinear
constant dynamic systems, one often uses the describing fimction method.
This method is based on the idea that the nen-linear system can be
replaced by a linear dynamic system with a transfer function G(v).
Il now the non-linear system is driven by an input u(t) = A cos 2av,
we can describe the outpul by a series of sinusoidal subsignals with the
help of the Fourier series, Eq. (6). By comparing the input with the out-
put's lundamental harmonic, the first tecm of the Fourier series, we can
define a transfer function, the describing function. Also, this method is a
lirearization around a certain operating point; a linear relation between
the input and the outpul’s higher barmonics, the other terms of the
Fourier series, does not exist. The method can be applied to systerns with
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nit;g)

St : Fltg wlt;r) v ¢ yieD)

Fig 17 The describing function: A linear descripiion of a non-linear constant dynamic
system.

deterministic as well as stochastic inputs. In the latter case the non-linear
system is thought to be approximated by a linear dynamic system to
which output a signal 7(t; {), called the remnant, is added (fig. 17). This
remnant is thus the difference between the outputs #t; ()} and ¥*(¢; {) of
the non-linear and equivalent system, respectively. The optimal dynamic
gain G{v) again is achieved by minimization of the variance of the remnant
with respect io the parameters of the transfer function G(v). [t can be
shown that minimization of this variance o7 yields a result for which the
remmant 7i(¥; {) is uncorrefated with the input (1; €), and thos Rz} = 0
for any value of 1. It can be derived that:

S} = Sy*(¥) = G(v)Sgl¥), 87)
Sy(¥) = {G)|* S} + S} (88)
Eq. (87) provides us the describing function G(v), so that by substituting

|G(v)i into Eq. (88) the spectral density S(v) of the remnant can be
obtained.

u(t:;]+ etz non-fin. syst. i) lin. syst. y{t:;)__
- GleH;) Hiv} o
. nit:y)
E{t:zl+ eltir) FAL A 4IF (¥4 Vi)
lin. madel +1+ Lin. t »
'—? * ‘G(v? ¢ ;&(?}rs

Fig. 18 The deseribing function method applied in & closed system,

The method as formulated by Eqs (87) and {88) can only be applied if
the non-linear element is not linked up in a closed loop sysiem, since for
closed loop systems {fig. {8) the remnant 7{r; (), due to the feedback, is
always linearly correlated with input 2{z;£) to the non-linear element;
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thus Rg{t} # 0 for all values of 1. The describing function G(v) can be
determined in two different ways:

~ Indirect method:

Hi
Susl) = GoolMSels), with Goly) = %"G}M—{;’“—) &)

- Direct method:
G(v) = Spl(v)/Sihv). 90)

The indirect method conly can be applied if the linear system H(v} is
known; this method is certainly the easiest one.

The describing function method is of great importance in the mathe-
matical description of the human operator’s behavior in manual control
(see vol, I1, chapter 10).

[.4.4. Description by means of state variables

The description of systems by means of statc variables has been
mentioned already in the discussion of scalar and multi-variable systems.
This approach has become very popular in the last decade, on the one
hand becaunse the description method is conceptually simple for describ-
ing very complex systems, and on the other hand because this method
can be easily applied when digital computers are used. The basic
philosophy is that any dynamic linear system can be described by u set
of first-order linear differential equations.

If for a given system the input u(t) is known over the interval [ — oo, 1],
then we can determine the output y(1) Il the input 1(t), however, is known
over only the finite interval [¢,, r], the output ¥{¢) can only be determined
if we have knowledge of the initial condition wt;) (except for constant
static systems). Hence, we can define the state of a system as follows:
The state of a system at a particular time instant ty is the set of numbers
which, together with the input signal over the interval [t,, t], determines
the output of a system at the time instant ¢. From this definition we obtain
the following relation, called the output equation of the system:

WO = f{x{tohule: . )5t > £ o1}

In this equation the quantity y{t) represents the output vector, the quantity
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ult:ty, ©) the input vectar over the interval [1y, ¢], and x{1,) the state
vector, defined at the instant of time 4. From the definition it is clear that
the state vector also could be defined at the time instant ¢, in which
case it easily can be shown that for ¢, > ¢, the state x(¢,) is completely
defined by x(ty) and ult:ly,t,) We formulate this by means of the
state equation (92);

x(0) = g{xlto) ult: tg, D} £ > to. ©92)

Eqs (91) and (92) can be used to describe all of the different classes of
systems mentioned before, except for the distributed systems.

In the context of this Handbook it is impossible to discuss the descrip-
tlion by means of state variables in a general way; we will restrict our-
selves te the differentiol systems, which are those systems where the
Egs (91) and (92) can be rewritten as:

2y = g{x(), ult), t} (93)
Aty = [ {xle), ut), 1}, {94)

The system equations (93) and {94} are much sirnpler if we derive them
for linear systems, obtaining:

(e} = AQx(® + Bl (95)
ey = Clehele) + D) (96}

where A(z) is said to be the system matrix, B(1) the input matrix, C(t) the
output matrix, and D{f) the direct transfer matrix. For linear constant
systems the matrices of Eqgs (95) and (96) become independent of time,
so that it follows:

Xt} = Ax(f) + Bulr) o7
M1 = Cx(t) + Dulr). {98)

The meaning of the matrices 4, B, C, and D can be elucidated by means
of the block diagram of fig. 19:

— Matrix A is placed in the feedback loop, and thus acts on the state
variable x(¢) which is fed back to the integrators. The matrix A entirely
determines the dynamic behavior of the system.

~ Matrix B determines to what extent and in what way the input
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()

Fig 19. The state description of a linear conslant syslem,

ult) controls the system. In conjunction with matrix 4, matrix B deter-
mines whether the system is controllable or not. A fully controilable
system is a system where from an arbitrary initial state x(t,) any other
final state x(z,) cun be reached by forcing the system with a certain input
w(t : ty, 1) where the interval [ ¢4, 1,] must be finite with 1_ > ¢,.

- Contrary to the idea of controllability is the idea of observability.
Observability is determined by the matrices A and C. It is said that a
system is fully observable if from the state vector x(t,) and the output
Yt :tq, 1) over the finite interval [to,¢,] the state vector xii,) can be
determined wniquely (f, < t,).

- The direct transfer matrix D determines to what extent and in what
way the input affects the outpul without passing through the closed loop.

The ideas of observability and controlability will be used in the sub-
sequent sections on automata and grammars.

Without proof we state that the solution of the set of differential
equations {97} and (98} with initial state vector x(t,} will be:

x(t) = e~ 9x{r ) + je"“"’Bg(r) dt (9%}

fo
!

Wi = C et —tax(r ) + C[e"“"‘Bg(r} dr + Dulr), {100)
fa
where e is called the transient matrix. The Eqs (99) and (100} give the
response (1) of the sysiem on an input w1} in the time domain.
As was the case lor scalar systems, a description in the frequency

domain can here be derived again. By applying the Laplace transforma-
tion to Eq. (97) we obtain:

sX(s) — x(to) = AX(s) + BU(s), (108}
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and thus:
X(8) =(sI — A~ "xlty) + (s] — Ay 'BU(s). (102)

The matrix (sf — A)~'B is said to be the transfer matrix from Uls) to
X{s). Transforming Eq. (98) and substituting the result into Eq. {102) it
follows:

Y(s) = ClsI — A 'xite) + [Clsf — A)"'B + DULs). (103)

The matrix Cisi — A)"'B + D is called the transfer mutrix from U{s)
to Y(s). This matrix can be compared with the well-known transfer
function A(s) as discussed in section [.4.2.3.

Recent developments in the field of the description of the human
operator’s behavior in manual as well as supervisory control often are
based on description in terms of state variables (sec vol. I, chapter 10).

1.5. Models and parameter estimation technigues

A major goal of using system theory is to model real world problems;
that is, we try to Jormulate mathematical models on the basis of which
predictions can be made under a variety of circumstances. In the (ore-
going we glmost implicitly assumed that just a little or no information
at all was available, In such cases systems can be described by impulse
responses, transfer functions and averaged product functions. Often,
however, we have some knowledge of the system under study, which
makes it possible that we define the strecture of the system at hand in
advance. In that case the problem of identifying a system is reduced to
the determination of a set of parameters given a cerlain model structure.

The choice of the structure of the model is of great importance; this
choice, among other factors, depends on:

— The objectives to be realized in determining the model.

— The insights and ideas of the investigator,

- The information available about the system under study.

~ The required accuracy of the model.

- The observability of the system under study,

Determination of the unknown parameters is mostly achieved according
to a standardized patiern (fig. 20). A model of the system under study is
proposed; the structure is chosen and the parameters ¢, must then be
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determined. Given a certain inpot %e:{), the output J*(¢; ;) of the
model is compared with the output Jit; {) of the system under study.
According to a certain criterion we now minimize the error between
Wt; £y and ¥¥(r; {; o) by varying the parameters «;. It follows that:

5%5 j w(t) [He: ) — T GallPde = 0, (104)

where the quantity w(t) is called a weighting furction, and where the
exponent p mostly is chosen to be two, The minimijzation of the cost
function, Eq. {L04), can be achieved analytically or by an iterative
procedure. In general, the sclution of Eq. {104) will generate a set of
equations which are non-linear in the parameters. Only with w{t) = 1,
and p = 2 the set of equations will be lincar, and thus solvable in an
analytical way. It should be noted that the method, as illustrated in
fig. 20, can only be applied to open loop systems. Variants of this
method have been developed in order to be able to handle closed loop
systems. Finally one very important remark should be made. In general
the definition of 2 model is based on certain assumptions; this means
that the application of the model is limiled to sitvations for which the
assumptions are valid. We should therefore always check whether the
circumstances in which we plan to apply the model satisfy these assump-
tions,

‘ r1{#4]

oite) yltig}

system -

Pl  ELD -
-—-—l mode! __-O—.IE

3

maodel parameters

Fig 20. Parametier estimation of the model parameters in an open Joop system.
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2. Automata and grammars

Automata are dynamic systems which are discrete and constant. They
are dynamic, because their behavior is not only dependent on the last
value of the input signal, but also on the series of preceding input signals.
They are discrete systems, since they have a discrete time axis ¢ = 0, 1,
2,...; they are constant since both system parameters and structure are
independent of . Furthermore, automata have quantized signals: signal
values are elements of a finite set.

We shall first discuss some aulomata of increasing complexity (2.1
The choice is determined by the relations these automata are enter-
taining to the grammars that are treated in 2.2. All automata to be
discussed are observable systems (cf section 1.4.4), for which it is
inconsequantial whether the discription proceeds from the state, or
from the output signal. As we will proceed [rom the state, the notion
‘output signal’ will not be used anymore,

2.1. Some automata

2.1.1. Finite automata

A finite automaton is a system characterized by the following five
entities. X is a finite non-empty set of states. Al any moment the auto-
malon must be in just one of these states. One of these states, x,, is
called the initial state, and F, a non-empty subset of X, constitutes the
set of final states. The possible values of the input signal form a non-
empty finite set ¥; this set is also called the automaton’s vocabulory.
Finally, there is a {state) transition function, 8, which indicates how the
autornaton changes state under influence of particular input signals:
&(x;, 1))= x, means that the automaton in state x, changes to state x, al
input of vocabulary element v;. Figure 2{a shows the (ransition-diagram
of a finite automaton with two states x, and x,, where V is binary
{0 or 1), and with transition function 8(xo, 1} = x,, &x,.0) = x4, and
&x,,0) = xq.

In order to explain the workings of this as well as the other automata
in this section, we shall use the notion ‘controliabilily’, which was intro-
duced in section {.4.4. There, a system was called ‘Tully controllable’ if
there is always an input signal such that the system can make a transilion
from any initial state x{t,) to any final state x(t.}. In the theory of auto-
mala full controllability (i.e. from any initial staie) is irrelevant. Imporiant
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Fig 21. Trunsition diagram for deterministic (a} wnd non-deterministic {b) finite avto-
maton.

is controllability from one defined initial state x,. This state is called
controliable, if there exists a string of input elements 5 {a signal) which
can bring the automaton from there to a final state x, & F. I{ such is the
case, the automaton is said to accept input string s This can be wrillen
as follows d(x,,s) = x,, where s€ V* (the set of strings of vocabulary
elements), and x, e F. For example, fig. 21a shows that one can proceed
from x, to x; by presenting vocabulary element 1, but also by presenting
strings 01, 001, 10!, etc, The language accepted by automaton A4 is the
set of accepted strings: T(A) = {s|6(x,, s} € F}; these are the strings by
which the initial state is controllable. The automaton of fig. 2la is
controllable with any string consisting of an acbitrary number of
O-elements, followed by an arbitrary number of sequences, 10, followed
by [;inshott: T = {0%(10)*1]. Two automata, 4, and A,, are eguivalent
il T(A4,) = T(A4;). The languages accepted by linite automata are culled
regular languages.

Apart from deterministic finite automata, as in fig. 213, there ure also
non-deterministic ones. The transition function of these automata gives
a set of possible transitions lor any pair of state and vocabulary elements;
3ox;, py) = {X4s-...%,}. Fig 21b pives an example. There &(x,, 1)
= {xq,x, }. From x,, the automaton can either go to x4 or x, at the
input of 1. Each input string therelore corresponds to a sel of paths in
the transition diagram. The automaton accepts a slring il there is at
least one path from x, to a final state for that string. One can prove that
for each non-deterministic finite automaton there is an equivatent
deterministic aulomaton {the inverse is trivially true), 1t follows that the
non-deterministic finite automata generate the same class of regular
languages as deterministic finite automata. A probabilistic finite auto-
maton is a generalization of the non-deterministic finite automaton,
where a probability is assigned to every possible transition, It is a
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stochastic system as defined in section 1.4.1. Markov sources are a
subclass of probabilistic [inite automata.

The input strings in ¥* which are not accepted by the automaton form
the complement CT of the language T. The complement of a regular
language is itself regular, i.e. for every finite automaton A, there is another
finite automaton A', such that CT(A) = T(A').

2.1.2. Push-down automata

A push-down automaten {PDA} is & system which, other than the
finite automaton, has an infinite set of states X. In order to describe this
set, one may factorize X into two parts; a finite set T'= {fp,t1,. .., ln}
of ‘states’ in a stricter sense, plus a memory store of infinite size. This
store can contain strings (x,,®,..} of so-called memory symbols
taken from a finite push-down vocabulary T = {yg,%,,...,¥n} This
push-down store can be conceived of as operating in the {ollowing way:
The automaton always staris with just y, in the store. New memory
symbols are put on top of old ones, ‘pushing’ them *down’, so that only
the top-element is removable: it is not allowed to add or remove elements
at other places in the stack.

In factorized form, the initial state x, of the PDA is the pair {¢g, ¥o)
where 1, is now called the initial state (in the strict sense). F e Tis the set
of final states. The automaton is a system (¥, T, T, tg, 74, F. ), where 8
denotes the set of transition rules. These transition rules determine what
happens in a given state, and with piven top element, when a new input
element appears, Le. the rules determine the next state, and the memory
change. They are written as (t;, v;, ) = (£, x), which means that at the
input of v;, with ¥, as top element in memory, the state changes from
t to 1, and y, is replaced by the string (or better: stack) of memory
elements y (this may be the null-string, which amounts to simply
rermoving y,). A string s of input elements is accepted by the avtomaton
if a final state t,& F is reached from (to,7,). The language T(PDA),
accepied by the push-down automaton is the set of accepied strings:
T(PDA) = {5]8(t;,5, yo) = {t, )t € F,x € T*}, The languages accepted
by FDA’s are called deterministic languages. The complement of a
deterministic language is also deterministic. Regular languages form a
strict subset of deterministic languages.

Analogous to the non-deterministic finite automata, one can design
non-deterministic push-down automata {NPDA). Such automata can,
for each state, top element, and input eiement, ‘choose’ from a set of
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transitions. This type of automaton is more powerful than the deter-
ministic automaton. The languages accepted by NPDA's are called
context-free languages. They include deterministic languages as a strict
subset. The question whether the complement of a context-free language
is also context-free has been proven to be unsolvable, but in any case the
complement is context-sensitive (see next section).

2.1.3. Linear-bounded automatu

The linear-bounded automaton {LB4) can be concejved of as a tape
with a movable reading and writing head, which can be in any of a
number of states (¢ fig. 22). The tape is used to write down the input
string, and also serves as memory space. Tt is characteristic for the LBA
that this ‘working space’ on the tape is exactly the same size as the input
string: for small inputs there will be little memory space, for large inputs
there will be much memory space, i.e. there are no intrinsic bounds on
memeory size.

[E: 310 Wl A I RN M 1
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Fig 22. A linear-bounded automaton.

The LBA, which is characterized by the entities V, T, T, t,, F, 8, and #,
starts reading the tape at the left, t.e. at the first input symbol; the LBA4
is then in state ¢,. Depending on what is read, it will change state, and it
can replace the element that has been read by another one. This may
be an element of ¥, or an additional memory element {from the finite
memory vocabulary T'). Also, it will select a new posilion k, ie. it may go
one position to the right {(k = +1), one position to the left (k = —1),
or remain unchanged (k = (). Thus, each pair of state and tape symbol
will cause three changes: a change of state, a change of tape symbol, and
a change of position. For each pair of state and tape symbol the transition
rules & describe what these three changes will be. The LBA is said to
accept an input string if it reaches the right boundary symbol (#), and
then enters a final state (e F). LBA's are always non-deterministic: for
every combination ol state and tape symbol a set of transitions is
specified. The languages accepted by LBA's are called context-sensitive
languages. It is still unknown whether their complements are also con-
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text-sensitive. Comtext-free languages form a strict subset of context-
sensitive languages.

2.1 4. Turing machines

A Turing machine TM differs in only one respect frem the LBA: the
tape for reading and writing is of infinite Jength to the left and to the right.
The transition rules, however, are the same as {or the LBA: for each pair
ol tape symbol and state they determine the new tape symbol (1o be
writlen), the new state, and the new reading position (k = — 1,0, or +1).
Apart from non-deterministic TAfs there are also deterministic ones.
It is also true that each non-deterministic TM is equivalent to a deter-
ministic one.

I view of its very simple structure, it is surprising that TMs can do
any operation a modern digital computer can do. The inverse is even not
the case, except if one assumes that the computer firm can make un-
limited amounts of additional memary space available. A Turing machine
can perform any explicit symbol operation, it seems. In fact, this is even
possible on a TM with no more than two states, ¢, and ¢, Therefore,
nowadays, the notion of {'effective’ ot "mechanical’) procedure is defined
as ‘capable of being carried ownt by a Turing machine’. Lack of space
forbids further discussion of this important notion of procedure, see
however Minsky (1967).

A TM is said to accept an input string s if this string brings the auto-
maton from initial state t, to a final state £, € F. The languages accepted
by Turing machines are called recursively enumerable languages. This
name indicates that the strings or “sentences” of such a language can be
‘enumerated’, ie. there is a procedure by which the sentences of language
T (and no other strings) are successively generated in such a way that
each sentence of T will be enumerated after a finite number of elementary
operations. (The complete enumeration of an infinite language wilt
nevertheless take an infinite number of operations!?). Assume one has a
TM, with language T(TM), and an arbitrary string sie V*). If s ¢ T(TM)
this fact can be determined by means of a finite number of operations,
due to the recursive enumerability of T One says that s can be recognized.

All languages mentioned earlier are recursively enumerable as well,
but there are recursively enumerable languages which are not contexi-
sensitive (or contexi-free, or regular), The complement CT(TM)} of a
T{TM), moreover, is not necessarily recursively enumerable. This means
that if s € CT{TM), there is no guarantee that this fact can be recognized
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by a Turing machine. Or stated otherwise: it is not true that for all
recursively enumerable Janguages there exists a procedure to decide for
an arbitrary string s whether that string belongs to T or nor. Languages
for which such a procedure does exist are called decidable or recursive.
These are recursively enumerable languages that have a complement
which is also recursively enumerable.

2.2, Grammars and automata

2.2.1. Grammars and Turing machines

A recursively enumerable language can not oniy be described by a
Turing machine, but also by means of a grammar. A grammar G can be
characterized by the entities V, H, P, and 5. V is a finite terminal voco-
bulary (with terminal elements a, b,...); H is a finite nonterminal voca-
bulary (with auxiliary symbols, or variables 4,B,..)) with a special
stare symbol §. And P, finally, is a finite set of production rules. Vand H
are disjeint: ¥ n H = ¢, whereas their union, ¥ v H =T, is sometimes
called the grammar’s {unspecified) vocabutary. The rules of P are ordered
pairs of strings {x, ff), mostly written as o — B, where the first string (@)
consists of one or more elements of T, and the second (f) of zero or more
elements of I'. To put it differently: a e ' (the strings of positive length
over ), and BeT™ (the strings over T, including the null string A).
Thus Pt xT*

The rule « — 3 means that string o can be replaced by string £ in any
context. Such a replacement is indicated by =. So, for instance, given
rule o — B, one can replace string yad by pfé; this is written as yud = yfis.
More generally one writes & £ () is a derivation ol £) il there is a
sequence of zero or more replacements by which & can be transformed
in \ {zero replacements if & = ¢). A sentence generated by grammar G
is any string ol terminal elements, which can be decived from S by
production rules of G. Thus, string o is a sentence generated by G if there
is a derivation § % g, with ¢ e V* The language L{G), generated by G
is the set of generated sentences, or L{G) = {4]S % ¢}. Example: let
G = (V.H,P,S), with V = {a(pes), blake), c{akes)}, H = {N{oun), VP
(verb phrase), MV (main verb), S(entence)}, and with production ruics
P={S—NVP,VPMVN VP->MV,Noa N->c MV > b},
then one can make the following derivation {fom §:8== N VP,
NVP=gVPaVP=aMVNaMVN = abN, abN = abc,orinshort;
§ % abe. Since a, b, and ¢ are terminal elements, the string a,b, ¢, or
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apes bake cakes, is a sentence ie L{G). The reader can verify that the other
sentences in L(G) are: apes bake, cakes bake, an§ cak.?s bake apes,

1t can be proven that the grammars defined in this way generate the
class of recursively enumerable languages: For each recursively enumer-
able language T{TM), there is a grammar G such that L{(G) = F(TI_M’ ),
while each language £(G) is recursively enumerable. Thus, cach Turing
machine has an equivalent grammar, and inversely. . o

Chomsky has proposed 1o distinguish some progressively restriclive
classes of grammars. We follow his classification.

2.2.2. Context-sensitive grammars and linear-bounded automata

The first restriction on the production rules is that ‘shortening’ rules
are excluded. If the length of string « is written as }a/ (thus, for instance,
jabe| = 3), this restriction means that for all production rules ¢ — ff
in P it should be the case that || < }|. Grammars which satisly this
restriction are called ¢ype-1 or context-sensitive grammars. Any languape
which can be generated by a context-sensitive grammar is a ‘conlext-
sensitive’ or ‘type-1" language.

We saw earlier that linear-bounded avtomata accept just the context-
sensitive languages. It has been proven that context-sensitive grammars
are equivalent to LBA’s. This can be grasped intuitively if onc realizes
that, during the generation of a sentence by means of a contexl-sensilive
grammar, one can never obtain a string which is longer than the final
sentence {otherwise one would need shortening rules to arrive at that
sentence). In the same way, the LBA car never produce a string on its
tape which is longer than the input sentence. Thus essentiaily the same
restriction holds for both systems.

.2.3. Context-free grammars and push-down automota
The second restriction is somewhat stronger. Apart from || < |f|
moreover ae H; consequently, o is a single auxiliary symbol. In this
way we have a rype-2, or context-free, grammar, Its rules appear as
A — f, where A is a variable, and f a string in T'*, Any language which
can be generated by a contexi-free grammar is called a context-free
language. A derivation by means of a context-free grammar can be
easily made visible in the form of a derivation-tree, or phrase marker.
Fig 23 presents the production rules of a context-frce grammar G,
and_ a derivation of the sentence abed. Next to it the corresponding
derivation tree is shown. One should notice {hat there is also another
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production rules: derivation troe:
S+AB A-+a S
§+CD 8-5d I )a\
S5 C-sd 2 s
D-d v" e

laftmast derivation: S= AB = gB = a5d = abed

Fig. 23. Derivation of abed with corresponding derivation trce.

derivation for the same sentence which corresponds to the same tree-
diagram, namely § — AB — ASd — Abcd -+ abed. Each variable is
rewritten in the same way in both derivations (ie. by the same rule),
the only dilference is that the rewriting is somewhat earlier or later. The
derivation piven in fig. 23 is called a lgfi-most derivation of abed, since
at each step the left-most variable is rewritten. Each derivalion tree
corresponds to one and only one left-most derivation (if there i5 one in
the grammar). Sentence abed, however, has yet another left-most deriva-
tion by the rules in fig. 23. This must correspond, therefore, to a dilferent
derivation tree, Derivation and tree are presented in fig 24.

feftmost derivation: derivation free:
§ = CO = a5Dh = abeD = abed C/S\D
FARYERAN
[} /S\ d
b [

Fig 24, Alternative derivation of abed with derivatian trec.

Ifa context-free grammar allows for two or more left-most derivations
{phrase structures) for a sentence, as is the case in the grammar G undey
concern, that grammar is called ambiguous. If a context-{ree grammar
is non-ambiguous, it will generate a deterministic langrage. Such a non-
ambiguous context-free grammar is also called a ‘LR(k»grammar’.
A language is ambiguous if all of its grammars are ambiguous.

It has been shown that context-free grammars are equivalent to non-
deterministic push-down automata. For every T(NPDA) there is a
context-free grammar CFG for which LICFG) = T(NPDA), and con-
versely. A similar equivalence exists between PD A'sand LR(k)}-grammars.

There are many other formal systems for the description of context-
free languages. Examples are categorical grammars and dependency
grammars, which will not be treated here.
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2.24. Regular grammars and finite automato

The third and last restriction concerns § in the context-free rule
A — B. In this case 8 can have one of two forms only: eV, ie. Bisa
single terminal element, or § = aB, with ne Vand B e H, in other words
a terminal element followed by a variable.

The grammars resulting from this restriclion are called type-3 or
regular grammars (also: finite state grammars). Its ules thus have the
forms 4 —»a or A - af. It has been proven that regular grammars
generate regular languages, Regular grammars are equivalent to finite
automata: They define the same class of languages. Every finite language
(ie. with a finite number of sentences) can be generated by a regular
grammar, aad is, therefore, regular,

2.3. Chomsky's hierarchy of languages

Fig. 25 gives the relations of strict inclusion between the languages
defined by Chomsky.,

languages
Tacarsivaly enumerable of type-3 ianguapes

content-sensitive or typs-1 languages
context-frae or Type 2 languages
regular or
type-3 languages I 1t It

Fig. 25.

Iv

In this section a brief discussion will be given of the areas indicated
by L, 11, II1, and 1V, ie. languages which are context-free but not regular
(1), context-sensitive but not context-feee (1I), etc.

Area I. What is characteristic of a language which is not regular, ie.
which cannot be generated by a regular grammar? In contrast with
regular languages, these languages are self-embedding. This requires
some explanation. A grammar is called selFembedding if there is a
variable B in H for which B £ «By, where o # 1, and 7 # 1. In words:
The rules of the grammar are such that there is a vatiable B from which
a string can be derived which contains B, but not at the left or right
extreme, A language is called seif-embedding if every grammar generating
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the language is sell-embedding, An example ofa self-embedding language
is {wwi{we ¥*, ¥V = {6,b}}, ie a language consisting of symmetrical
semtences, such as aa, abba, baab, abbbba, abaaba, etc. This is called a
‘mirror-image’ language. Another example is the language {"b"|n 2 1},
consisting of sentences beginning with n a's, followed by n b’s. Chomaky's
proofthat natural languages are not regular, and therefore not acceptable
by finite automata {or Markov sources for that matter), was based on
the demonstration that natural languages are sclf-embedding.

Area I1. Context-sensitive, non-context-free languages are not so
uniformly characterizable. It has been shown, however, that various
languages belong to this category. An example is {a*b"c"|n 2 1}, strings
of a's, followed by an equal number of &'s, followed by equally many ¢’s.
Another example is the language consisting of string repetitions: {ww},
where w is any string of rerminal elements, and sentences therefore
consist of repetitions of such strings. These examples have been used to
prove that natural languages are non-context-free (Levelt, 1974).

Area [11. This category contains especially the non-decidable (or
non-recursive) type-0 languages. These are recursively enumerable
languages with complements that are not recursively enumecable. There
are, however, decidable or recursive type-0 languages which still are not
context-sensitive. Transformational grammars (see vol. 1l, chaptec 7)
are type-0 grammars: they can contain string-shortening produoction
rules. It has been proven that Chomsky's transformational grammars
generate at least the class of recursively enumerable [anguages, whereas
natural Janguages are hopefully of a2 more restrictive sort. Other trans-
formational grammars are more restrictive. Joshi’s adjunction grammars,
{or instance, generate decidabie languages (see Levelt, 1974).

Area IV. Not all sets of strings over a finite vocabulary (i.e. languages)
can be described by means of a grammar. Saying that a natural language
is lype-0, or generable by a Chomskyan transformational grammar, is
saying no more than that the language has a grammar.

2.4. Probabilistic grammars

The notion of grammar can be generalized by assigning probabilities
to the production rules. In this way one obtains the so-called proba-
bilistic grammars. This principie has been worked out especially for
regular and [or context-free grammars, A probabilistic grammar defines
a probability distribution over the sentences of a language. One can
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derive conditions for which the language is ‘normalized’, i.e. has a total
probability of 1. The probabilistic grammar is a powerful instrument for
the analysis of the so-called corpus, i.c. a set of observed strings (sentences,
behavior sequences, etc). Inferring a grammar {tom a corpus and
estimating the probabilistic parameters for a given grammar constitute
the suhject of the theory of grammatical inference.

2.5, Grammaticality and controllability

A string s is called ‘grammatical’, given type-i grammar G, if s e L{(G);
it is ‘ungrammatical’ if s e CL{G). Also, and in view of the equivalence
relations between grammars and automata discussed in the previous
sections, one can say that 5 is grammatical if it is accepted by its equi-
valent automaton. Thercfore, just those strings are grammatical by
which the automaton can be controlled from the initial state. The
linguistic notion of grammaticality, therefore, is closely related to the
systems notion of controliability. In the same way, the system theoretical
notion of observability is closely connected to grammatical inferability
{cf. Lewelt, 1975),

28. Psychological applications and schematic overview

The theory of avtomata and grammars has not only been applied in
psycholinguistics (cf. vol. 1, chapter 7), but also in the (ethological)
analysis of behavioral sequences (see for instance Bodnar and Van
Bargn-Kets, 1974), in pattern recognition research {cf. two issues of
Pattern Recognition, vol. 3(4) (1971), and vol. 4(1) (1972)), in the analysis
of learning theories (Suppes, 1969), in the psychology of thinking
{Suppes, 1973), and in memory research {(Anderson and Bower, 1973),

Tabie 4, finally, summarizes the most important grammars, automata,
languages and their complemenis. For the column ‘language’ there is
strict inclusion from bottom to tep: Every finite language is regular,
every regular language is deterministic, etc,, whereas the converse does
not hold. For the column ‘grammar’ the same strict inclusions hold,
with one exception: There exist ‘ambiguous’ regular grammats which
are, therefore, not LR(k); these grammars, however, do not generate
ambiguous languages,
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Lyst of symbols

a, - & Fourier coefficient

a, ~ coellicients of dilferential equation
A, - amplitude

Al - system matrix

b, - k° Fourier coeilicient

Bin) - input matrix

T - complement of language T

Cin - outpul matrix

Cisef-A)"' B + B~ (ransfer matris from L(s) to Fis)
Calr) ~ covariance funciion
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- estimator of covariance function Cyylt)
~ direet transfer matrix

— base of natural logarithm

~ transtent matrix

— mathemalical expectation

— probability density fonction

- joint probabilily density function

- Fourier transform

- inverse Fourier trangform

~- non-linear system

- teansfer function of the linear model of the non-linear system
g}

- grammar

~ impulse response of linear time-dependent system

- impulse respense of linear conslant system

~ transfer function

- finite non-termipal vocabulary

- matrix

— index {or the imaginacy part

- criterion function

- gain

- gain according 10 Boaton

- varrelation lunction

- one-sided Laplace transform

- inverse one-sided Laplace transform

- linear-bonnded aulomaton

- remnanl

- non-deterministic push-down automaton

- probability

~ push-down automaton

- [inite sel of production rules

- average produel function

- start symbol of grammar

- Laplace operator of complex frequency

— iransler matrix (rom (s o x(s)

- power density spectrum

- time

- ramp lunction

- lime period

- language accepted by automaton A

— Turing rachine

- control or inpul signaj

- orthogenal signal

~ input vector

~ unit step function

- noisw
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termina! vocabulary of grammar, vocabulary of automalon

— crilerion weighting lunction

deterministic signal

stochastic signal

siochaslic process

random variable

slate vector

initial state

Fourier transform of x(t)
{one-sided) Laplace transform of x(f)
oufput signul

initial condition

model paramecters

push-down vocabulary, memory vocabulary of LBA, vocabulary
of grammar

impulse fanction

state function

domain of ensemble

average value of wlf; {)
convergence abscis, null string
requency

variance of @t {}

time constant or time difference
phase of the &' component
radial frequency
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List of symbols

terminal vocabulary of grammar, vocabulary of automaton
erilerion weighting function
deterministic signal

stochastic signat

stochastic process

randem variable

state vector

initial stute

Fourier transform of xit)

{one-sided) Laplace transform of x(s)
output signal

ipitia} condition

maode] parameters
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push-down vacabulary, memory vocabutary of L84, vocabulary

of grammar

impulse function

state (unction

domain ol ensemble

average value of uft,; )
convergence abscis, null string
frequency

variance of He: {)

time constant or time dilference
phase of the k¥ component
radial [requency



