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PREFACE

In the latter half of the 1950's, Noam Chomsky began to develop
mathematical models for the description of natural languages.
Two disciplines originated in his work and have grown to maturity.
The first of these is the theory of formal grammars, a branch of
mathematics which has proven to be of great interest to informa
tion and computer sciences. The second is generative, or more
specifically, transformational linguistics. Although these disciplines
are independent and develop each according to its own aims and
criteria, they remain closely interwoven. Without access to the
theory of formal languages, for example, the contemporary study
of the foundations of linguistics would be unthinkable.
The collaboration of Chomsky and the psycholinguist, George
Miller, around 1960 led to a considerable impact of transforma
tional linguistics on the psychology of language. During a period
of near feverish experimental activity, psycholinguists studied the
various ways in which the new linguistic notions might be used in
the development of models for language user and language acquisi
tion. A good number of the original conceptions were naive and
could not withstand critical test, but in spiteof this, transformational
linguistics has greatly influenced modern psycholinguistics.
The theory of formal languages, transformational linguistics,
psycholinguistics, and their mutual relationships are the theme of
this work. Volume I is an introduction to the theory of formal
languages and automata; grammars are treated only as formal
systems, and no application of the theory, linguistic or other, is
made. Volume II in turn deals with applications of those mathe-
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matical models to linguistic theory. Volume III treats applications
of grammatical systems to models of language user and language
learner, as well as the formal questions which have arisen as a
result of such applications. The material is cumulative: Volume II
supposes a general understanding of Volume I, and Volume III
refers to the subjects dealt with in Volumes I and II. Volumes II
and III have their own preface, so we can now turn to some
introductory remarks with respect to the present volume.
Volume I, independent of the two following volumes, should
be seen as an introduction to the theory of formal languages and
automata. A number of similar introductions are available at the
moment, but I have nevertheless undertaken the present work for
three reasons. First, most available texts, because they suppose
an acquaintance with sophisticated mathematical theories and
methods, are beyond the reach of many students of linguistics
and psychology. More often than not, Chomsky's and Miller's
contributions to the Handbook of Mathematical Psychology prove
too difficult for early graduate teaching. The present introduction
is kept at a rather elementary level; a general knowledge of college
mathematics will be sufficient to follow the text, although familiarity
with the elements of set theory and statistics will certainly be an
advantage.
Second, existing introductions treat a number of subjects which
have little obvious relation to linguistics or psychology. The
linguist or the psychologist is obliged to make his own selection
from among a series of topics which he does not yet understand,
and he might search in vain for a treatment of topics which are
especially relevant to his field. Probabilistic grammars and gram
matical inference, for example, are not treated in any of the
existing introductions. Special attention has been paid to these
topics in the present volume, but matters not directly relevant to
linguistics or psychology have not been completely excluded, as a
balanced presentation of the theory sets its own demands.
The third reason for writing this introduction is to supply
readers of the two following volumes with a concise survey of the
main notions of formal language theory used there. The subject
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index of this volume can be used to find definitions of technical
terms: definitions are indicated by italicized page numbers.
Without the help and cooperation of many, these three volumes
could not have been realized. A first version was written during
a sabbatical year at The Institute for Advanced Study in Princeton,
New Jersey. I am deeply grateful to Professor Duncan Luce and
to The Institute for the invitation which made my stay possible.
Much in this work is due to the help and insights of Professor
George Miller, former director of the Harvard Center for Cognitive
Studies, where the new psychology of language originated under
his guidance. Thanks to him I was granted a Research Fellowship
at the Center in 1965, and by happy coincidence, he too was at the
Institute for Advanced Study when I was composing the text. His
attentive advice was most useful, especially in the writing of the
third volume. Likewise, regular discussions with Dr. Philip JohnsonLaird helped to clarify many of the psychological issues. Conver
sations with Professor Aravind Joshi on the subject matter of the
first two volumes were also enormously stimulating and enjoyable;
I profited almost daily from his erudition in the fields of both
formal systems theory and mathematical linguistics.
Finally, I wish to express my gratitude to all those who have
contributed by critically reading the text in the original Dutch
version: Professor L. Verbeek, Dr. H. Brandt Corstius, Mr. R.
Brons, Dr. G. Kempen, Dr. A. van der Ven, Mr. E. Schils, Mr.
L. Noordman, Dr. A. De Wachter-Schaerlaekens, and Professor
A. Kraak. Their remarks not only prevented the printing of many
disturbing errors, but also led to many enriching additions to the
text.
March 1973

W. J. M. Levelt
Nijmegen
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1
GRAMMARS AS FORMAL SYSTEMS

1.1. GRAMMARS, AUTOMATA, AND INFERENCE

The theory of formal languages originated in the study of natural
languages. The description of a natural language is traditionally
called a GRAMMAR; it should indicate how the sentences of a
language are composed of elements, how elements form larger
units, and how these units are related within the context of the
sentence. The theory of formal languages proceeds from the need
to provide a formal mathematical basis for such descriptions.
Chomsky, the founder of the theory, envisaged more than a
simple refinement of traditional linguistic description. He was
primarily concerned with a more thorough examination of the
basis of linguistic theory. This involves such questions as "what
are the goals of linguistic theory?", "what conditions must a
grammar fulfill in order to be adequate in view of these goals?",
and "what is the general form of a linguistic theory?" Without a
formal basis, these and similar questions cannot be handled with
sufficient precision. Volume II of this book will deal with these
issues; it will be shown that a formal language can serve as a
mathematical model for a natural language, while a formal gram
mar can act as a model for a linguistic theory.
From a mathematical point of view, grammars are FORMAL
SYSTEMS, like Turing machines, computer programs, prepositional
logic, theories of inference, neural nets, and so forth. Formal
systems characteristically transform a certain INPUT into a par
ticular OUTPUT by means of completely explicit, mechanically
applicable rules. Input and output are strings of symbols taken
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from a particular alphabet or VOCABULARY. For a formal grammar
the input is an abstract START SYMBOL; the output is a string of
"words" which constitutes a "sentence" of the formal "language".
Therefore a grammar may be considered as a GENERATIVE system;
this feature is often emphasized by the use of the term GENERATIVE
GRAMMAR. The quotation marks around "word", "sentence", and
"language" indicate that these terms are not used in their full
linguistic sense, but rather are concepts which must be strictly
defined within the formal system. In linguistic applications of
formal language theory, as in Volume II of this book, care must
be taken to establish the relationships between the formal and
linguistic notions. In the present volume, however, we will no
longer use the quotation marks, and will omit the adjective
"formal" for both language and grammar where the context allows.
A second type of formal system can use the sentences of a lan
guage as input; its output is generally an abstract stop symbol.
Systems of this type are called AUTOMATA, and may be considered
as ACCEPTING SYSTEMS. The theory of automata is older than that
of formal language, and historically it was rather surprising that
the two theories showed such close parallels that they often
appeared to be mere notational variants. One can very well use
an automaton rather than a formal grammar as a model for a
theory of natural language, but although this has in fact been
done, the generative grammar remains the preferred model. The
interchangeability of grammars and automata indicates that the
distinction between generative and accepting is less fundamental
than it may at first appear. It is primarily a conceptual distinction;
there are indeed automata with no "preferential direction" such
as Turing machines, and grammars which are accepting rather
than generative systems such as categorical grammars. However,
from the point of view of presentation and application, the dicho
tomy has its merits. In psycholinguistics in particular it has a
natural interpretation with reference to SPEAKER-HEARER models.
Volume III of this book will offer several examples of such applica
tions.
The third and last type of formal system which will be discussed
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in this volume takes a sample of the sentences of a language as
input; its output is a grammar which is in some way adequate
for the language. Such systems are called GRAMMATICAL INFERENCE
PROCEDURES. They can serve as models not only for linguistic
discovery procedures (how can one find a grammar for a given
corpus of sentences?) but also for theories of language acquisition.
The mathematical growth of formal language theory has resulted
in an enormous extension of its range of applications. Beyond its
obvious applications in the analysis of computer languages, the
theory is used for the formal description of visual patterns (see
Volume III, paragraph 3.6.7. for such picture grammars), for
subdivisions of logic, and for several other fields which deal with
the formal representation of knowledge.
Conversely, the integration of formal language theory into the
theory of formal systems has made various mathematical tools,
such as recursive function theory, available to the study of formal
languages.
The reader, however, need not be acquainted with such areas
of mathematics in order to understand the present work which
is meant to be an introduction. Our discussion will be limited to
the relationship between formal language theory on the one hand
and the theories of automata and inference on the other. Each of
these has rather direct linguistic and psycholinguistic applications,
and it is precisely the possibility of application which has served
as the principal, though not only, criterion for selecting properties
of the theories for discussion. This does not alter the fact that
it is better to treat the structure of grammar, of automata, and of
inference from an abstract than from an applied point of view.
Such is the method which we shall follow here, beginning with a
formal definition of the concept "grammar".
1.2. THE DEFINITION O F "GRAMMAR"

*

For the formal definition of "grammar" we must introduce four
concepts: terminal vocabulary, nonterminal vocabulary, produc
tion rule, and start symbol.
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The TERMINAL VOCABULARY VT is the set of terminal elements

with which the sentences of a language may be constructed.
Elements of VT will be denoted by lower case letters from the
beginning of the Latin alphabet. We write a e VT or a in VT when
a belongs to the terminal vocabulary.
The NONTERMINAL VOCABULARY VN consists of elements which
are only used in the derivation of a sentence; they never occur
as such in the sentences of the language. Elements of VN axe
upper case Latin letters and are called VARIABLES or CATEGORY
SYMBOLS.

VN and VT are disjoint: their intersection, VN n VT, is empty.
Together VN and VT form the vocabulary V of the grammar,
thus V — VN U VT. A string of elements in V, regardless of
whether they are variables, terminal elements, or both, will be
denoted by a lower case letter of the Greek alphabet. A string
may have 0, 1, or more elements; the string of 0 elements is called
the NULL-STRING, and is represented by X. A string consisting
exclusively of terminal elements may be denoted by a lower case
letter from the end of the Latin alphabet.
The symbol V*T is used to denote the set of all finite strings of
elements from the terminal vocabulary. For example, if VT consists
of two elements, a and b, i.e. VT = {a, b}, V? consists of X, a, b,
aa, ab, bb, ba, aaa, aab, aba, bba,... If we wish explicitly to exclude
the null-string X, we write F j , the set of all strings of positive
length. Thus, V% = VT — X. Obviously, therefore, if VT is not
empty, then V*T and F j contain an infinite number of elements
(strings). Analogously one can define F* as the set of all possible
strings of vocabulary elements, and V+ as the set of all possible
strings of vocabulary elements except the null-string. The length
of a string a is denoted by |a|; thus \a\ — 1, \aab\ = 3, and | A| = 0.
The PRODUCTION RULES or productions of a grammar are ordered

pairs of strings. They take the form a -> ft, where oc e V+ and
P e V*. This means that string of elements a. of positive length can
be replaced by, or rewritten as, string of elements fS, possibly X.
Such rules apply in any context, i.e. if a is part of a longer string
ya8, then yo& may be rewritten as yfi8 by the same rule. When a
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string is rewritten as another string by a single application of a
production rule, we use the symbol =>; thus ya.8 => yfiS. The latter
string DERIVES DIRECTLY from the former. If there are productions
such that a.y => <x2, a 2 = a3, ... a„_! => a„, we may write o^ 4» a„,
read "«i derives «„". The set of productions of a grammar is
denoted by P; the set may also be described as a CARTESIAN
PRODUCT. The set of all possible rules consists of all ordered pairs
of strings which can be constructed in this manner; it may be
denoted by V+ X V*, the cartesian product of V+ and V*. The
productions of a grammar are a subset of this product: some
strings of V+ may be replaced by some strings in V*. Thus P <=
V+ X V\
The START SYMBOL of a grammar is denoted by S (originally
for "sentence"); it is a particular element of VN.
We can at this point define a grammar as follows.
A GRAMMAR G = (VN, VT, P, S) is a system consisting of a
nonterminal vocabulary VN, a terminal vocabulary VT, a set of
productions P, and a start symbol S, with the following properties:
(1) VN, VT and P are finite, nonempty sets.
(2) VN n VT = 0.
(3) P <= V+ x V.
(4) S e VS.

A SENTENCE generated by G is every element s of V*T for which
S^s,
i.e. it is a terminal string derivable from S by the produc
tions of P.
The LANGUAGE JL(G) generated by G is the set of sentences
generated by G.
Two grammars Gi and Ga are (WEAKLY) EQUIVALENT if L(Gi)

=

L(G£), i.e. if they generate the same set of sentences. Another
form of equivalence, STRONG EQUIVALENCE, will be discussed in
Volume II, paragraph 2.1.
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1.3. EXAMPLES

EXAMPLE 1.1. Let G = (VN, VT, P, S), where VN = {£}, i.e. S is
the only nonterminal symbol, Vp = {a, b}, P = {S1 ->tfS,S1 -> £}.
Which language is generated by G? Repeated application of the
first production gives S => aS => aa5 => aaaS, etc. None of these
strings is a sentence, for all include the nonterminal symbol S.
The only way to eliminate S is by use of the second production
S -+ b. This will produce sentences such as b, ab, aab, aaab, etc.
A sentence generated by G is thus a string of a's followed by a
single b. A simple notation for language L(G) is {d*b}, where a* is
any string of <z's of length ^ 0.

1.2. Let G = (Fjr, Fy, P, S), where K^ = {S}, VT =
{«, &}, P = {S -► «£«, 5 -* M*, S-*aa, S -> Z»i}. The first two
rules may be applied and repeated in any order. This will produce
such derivations as S * aSa => abSba =*• abbSbba => abbaSabba.
The only way to derive sentences from such strings is by use of
the third or fourth production; these replace S with aa or bb. In
all cases the result is a string of a's and &'s, followed by the same
string in reverse order. G is said to generate language {wwB},
where wR represents the reflection of w, and |w] > 1. L(G) is
EXAMPLE

called a MIRROR IMAGE language.

1.3. Let G = (VN, VT, P, S), where VN = {S,E,F},
VT = {a, £>, c, d}, P = {S -> £SF, S-* EF, E-* ab, F-* cd}. By
applying the first production of P n — \ times, we obtain the string
En-1SFn~1 (the exponent indicates the number of successive occur
rences of the element). By then using the second production once,
one obtains EnFn. When, by application of the third and fourth
productions respectively, all the E's are replaced by ab and all
the F's by cd, the resulting string consists of n a&-pairs followed
by n crf-pairs. Language L(G) consists of all sentences of the form
(ab)n(cd)n, where n > 1.
In this example a alternates with b, and c with d in the sentences
of L(G). It is possible to modify the grammar in such a way that
EXAMPLE
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the terminal elements will be neatly grouped in the sentences of L:
first all a's, then all £>'s, etc. This will be the case in the following
example.
1.4. Language {anbncndn}, where n > 1, is generated by
grammar G = (VN, VT, P, S), in which VN = {S, E, F, B, C},
VT = {a, b, c, d}, and P consists of the following productions:
EXAMPLE

1. S -* ESF
2. S-+EF
3. E-*aB

4. F -> Cd
5. Ba -> aB
6. dC -»■ Cd

7. BC -* be
8. Bb ->• bb
9. cC ~* cc

The first four productions are essentially the same as those of
Example 1.3. They produce strings of the form {aB)n{Cd)n, where
« > 1. The other five productions serve in the further grouping
of the elements. By means of production 5 one can replace a string
aBaBaB... of arbitrary length by a string of a's followed by a
string ofB's. Production 6 acts similarly with respect to CdCdCd...
sequences. We must now see to it that further rewriting in terminal
symbols is possible only when these arrangements have in fact
been performed; this is the purpose of rules 7 through 9. Rule 7
serves to replace the pair BC in the center of the string with
terminal elements, but it can be applied only if B and C are found
in the right place in the center of the string. By means of produc
tion 8 the variables B are replaced by the terminal symbol b, on
condition that each B is located directly to the left of a b. The
process can be completed only when all the B's are already in the
correct positions. Finally production 9 acts similarly in the right
hand half of the string. The result is a string of the desired form,
anbncndn; sentences of other forms cannot be generated by this
grammar.
EXAMPLE 1.5. It is possible to write a still more compact grammar
for language {anbncndn}, namely G = (VN, VT, P, S), in which
VM = {S, E, F}, VT = {a, b, c, d}, and P consists of the following
productions:
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1. S-+ESF
2. S -» abed
3. £a -»• aE

4. dF-^Fd
5. Eb -► abb
6. cf -> c«f

The reader himself may now experiment with the operation of
this grammar.

2
THE HIERARCHY OF GRAMMARS

2.1. CLASSES OF GRAMMARS

The definition of grammar given in the preceding chapter is abso
lutely general in the following intuitive sense: if a mechanical
procedure can be contrived, according to which the sentences of
language L can be enumerated in some order, then language L
can be generated by a grammar in the defined form. We call this
statement intuitive because the concept "mechanical procedure"
has not yet been defined. One definition of it will be given in
paragraph 7.4., but for the present one can roughly conceive of
it as follows. Let us assume that we dispose of a general purpose
computer with an unlimited memory. Let us further assume that
a program can be written for this computer according to which
each sentence of L, and only sentences of L, will appear in the
output after a finite number of operations. (The program might,
for example, produce the sentences in order of length: first X if it
is in the language, then the sentences of length 1, followed by the
sentences of length 2, etc.) We could then say that a procedure
exists for the enumeration of the sentences of L, and that L is
RECURSIVELY ENUMERABLE. Every recursively enumerable language
can be generated by a grammar corresponding to the definition
(we shall return to this matter in paragraph 7.4.).
The class of recursively enumerable languages is large, but it is
of little interest from a linguistic point of view. One would expect
that natural languages have characteristic properties which would
rather limit the range of possible syntactic structures in certain
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respects. The class of recursively enumerable languages is therefore
an unattractive model for natural languages because it is denned
by procedures which may be completely arbitrary. Models of
empirical interest will result only from the definition of more
limited classes of grammars. It is better to reject too strong a
model with good reason than to maintain a weak model and never
discover the characteristic structure of a language. The class of
recursively enumerable languages is the weakest conceivable model.
Chomsky (1959 a, b) devised a schema for the classification of
grammars which is now in general use. It is based on three in
creasingly restrictive conditions on the production rules.
For every production a-»j? in ? ,
|a| < \fi\. Thus the grammar contains no productions whose
application would result in a decrease of string length.
FIRST LIMITING CONDITION:

SECOND LIMITING CONDITION: For every production a -* fi in P,
(1) a consists of only one variable, i.e. a e VN, and (2) /? # L The
productions are of the form A -*■ /?, where /? e V+.

For every production a -*■fiin P,
(1) a e VN, and (2) /? has the form a or aB, where a e VT and
B e VN- The rules are thus either of the form A -* a or of the form
A -+aB.
With these limiting conditions, grammars may be classified in
the following way.
THIRD LIMITING CONDITION:

are grammars which are not restricted by any
of the limiting conditions. Their definition is simply that of "gram
mar"; they are also called UNRESTRICTED REWRITING SYSTEMS.
Productions are of the form a -> /?.
TYPE-0 GRAMMARS

are grammars restricted by the first limiting
condition. Productions have the form a -* f), where Ia| < |/?|.
Type-1 grammars are also called CONTEXT-SENSITIVE GRAMMARS for
reasons to be mentioned in paragraph 2.4. They obviously consti
tute a subclass of type-0 grammars. In fact they are a strict subset
of the set of type-0 grammars, for there are type-0 grammars
TYPE-1 GRAMMARS
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which are not of type-1, namely, those grammars with at least one
production where |a| > |/?|. The grammars given in Examples 1.1.
through 1.5. satisfy this first condition and are therefore contextsensitive.
are grammars restricted by the second limiting
condition. Productions have the form A -+ /? where fi # X. Gram
mars of this type are called CONTEXT-FREE GRAMMARS. The second
condition implies the first: from \fi\ > 1 and \A\ = 1 it follows
that \A\ < \p\. Context-free grammars are therefore context-sensi
tive, but the inverse is not true; the class of context-free grammars
is a strict subset of the class of context-sensitive grammars. The
grammars given in Examples 1.1., 1.2., and 1.3. are context-free.
TYPE-2 GRAMMARS

are grammars restricted by the third limiting
condition. Productions have the form A ~* a or A -*■ aB. These
are REGULAR GRAMMARS (in linguistic literature they are often called
FINITE STATE GRAMMARS). In its turn the third limiting condition
implies the second. Therefore the class of regular grammars is a
subclass of the class of context-free grammars; in fact it is a strict
subset. The grammar given in Example 1.1. is a regular grammar.
Language types may be defined according to the various classes
of grammars. A type-3 grammar generates a regular language (or
finite state language), a type-2 grammar generates a context-free
language, a type-1 grammar generates a context-sensitive language,
and a type-0 grammar generates a (recursively enumerable) lan
guage.
It does not follow, however, from the relations of inclusion
which exist among the various types of grammars that corres
ponding languages are bound by the same relations of inclusion.
We cannot exclude the possibility a priori that for every contextfree grammar there might exist an equivalent regular grammar.
In that case all context-free languages might be generated by
regular grammars, and consequently regular languages would not
form a strict subset of context-free grammars. However in the
following it will become apparent that the language types do show
the same relations of strict inclusion as the grammar types: there
TYPE-3 GRAMMARS
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are type-0 languages which are not context-sensitive, contextsensitive languages which are not context-free, and context-free
languages which are not regular. Figure 2.1. illustrates this hierarch
ical relation, called the Chomsky Hierarchy.

Fig. 2.1. The Chomsky Hierarchy of Languages.
It is obvious that the null-string can be present only in type-0
languages. Sometimes, however, it is convenient to add it to other
languages as well. In the following we shall suppose in all cases,
except in Chapter 3, that X has been added to the language,
unless otherwise stated.
In the remaining part of this chapter we shall deal with a few
properties of each of the grammars.
2.2. REGULAR GRAMMARS

Most properties of regular grammars (RG's) can best be treated
on the basis of the theory of automata (cf. chapter 4). Our discus
sion here will be limited to five theorems which will be needed in
the remainder of the present chapter; four of them can easily be
explained without reference to automata theory.
We must first introduce a means of visual representation of
grammatical derivations, called DERIVATION TREES, TREE DIAGRAMS,
or PHRASE MARKERS (P-markers). The procedure is a general one
which may be used not only for regular grammars, but also for
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context-free grammars and some context-sensitive grammars. An
example will illustrate the procedure.
2.1. Let G = (VN, VT, P, S), where VN = {£5}, VT =
{a, b}, and P = {S -» aB, B-»bS, B-»b}. G is thus a regular
grammar. The sentences in L(G) consist of alternating a's and fe's,
beginning with a and ending with b. Thus L(G) = {(ah)*} (by
convention X e £((?)).
Let us examine the derivation of the sentence ababab; it can
be generated only in the following way: S => aB =>■ abS => a£a.B =>
ababS => ababaB =*- ababab. Figure 2.2.a. gives the tree diagram
for this derivation, clearly illustrating each step. Beginning at S
(at the top of the diagram), the tree divides into two branches,
one leading to a, the other to B; this is the first step in the deriva
tion. From B two further branches lead to b and to S respectively,
showing the second step. The remaining steps in the derivation
may be discovered by inspection.
Formally speaking, a (derivation) tree is a system of nodes and
branches (or edges). Branches are directed connections between
nodes, i.e. branches enter and leave the nodes. A tree has only
one node which no branch enters; it is called the root or origin
of the tree. Exactly one branch enters each of the remaining nodes.
Moreover, a path may be found from each node to the root of the
tree. Finally, each node bears a label.
EXAMPLE

s

b.

a

s

B

y
Fig. 2.2. a. Derivation Tree for the Sentence ababab (Example 2.1.).
b. Incomplete Derivation Tree.
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A derivation in a context-free grammar can be represented by
a tree diagram, all the nodes of which are labeled with elements
of V. The root is the start symbol S, nodes from which branches
leave are elements of VN, and nodes from which no branches leave
are elements of VT. Each of these features can easily be verified
in Figure 2.2.a.
Sometimes it is considered unnecessary to show the entire deri
vation, and only the first few steps are given in an incomplete
tree, as in Figure 2.2.b. In such a case it is possible that nodes
from which no branches leave may be labeled as elements of VR.
We can now return to the subject of regular grammars. It is
evident that each string in a regular grammar derivation contains
at most one variable, and that this variable is the last element of
the string. Consequently, tree diagrams for such derivations branch
to the right, i.e. at each step it is the rightmost node which further
divides into two branches.
The definition given for regular grammars is in some sense
economical. It is possible that the class of languages generated
by regular grammars be generated also by grammars with a more
complicated rule structure. While this fact is not interesting in
itself, it should caution us against concluding on the class to
which a language might belong solely on the basis of the type of
grammar by which it is generated. An example will serve to
illustrate this.
2.2. Let G = (VN, VT, P, S), with VN = {S}, VT = {a},
and P = {S -y aSa, S -> aa, S -* a}. This is obviously a contextfree grammar; the productions are not of the form of those of
regular grammars. But L(G) is a regular language, for there is
also a regular grammar by which it can be generated. L(G) consists
of all possible strings of a's; it can likewise be generated by gram
mar G' with P' = {S -* aS, S -> a}. G' is thus a regular grammar
equivalent to G, and consequently L(G) is a regular language.
EXAMPLE

A grammar is called RIGHT-LINEAR if all its productions are of
the form A -> xB or A -» x (notice that x represents a string of
terminal elements).

THE HIERARCHY OF GRAMMARS

15

2.1. The class of right-linear grammars generates pre
cisely the class of regular languages.
THEOREM

PROOF. All regular grammars are right-linear, and therefore all
regular languages can be generated by right-linear grammars. The
inverse, that each right-linear grammar has an equivalent regular
grammar, must also be shown to be true. Let G = (VN, VF, P, S)
be a right-linear grammar. We must show that there is a regular
grammar G such that L(G') = L(G). Take G' = (V'N, V'T, P', S)
with the following composition. For every production A -> x in P,
where x = ayai... an, P' contains the following set of productions:
A -» a\A\, A\ -* a^Az,..., An_^ -* an-iAn-i and An_i ~* an. These
productions are clearly of the prescribed regular form, and A
generates x. If we see to it that the variables A\, A2, ..., An-i do
not occur in any other production of P', G' will generate only x.
Likewise for each production of the type A -*■ xB in P, where
x = 6162 ••• bm, let P' contain a set of productions A -> b\Bi,
Bi -*■ b%Bz, ..., Bm_i -»b m B, also taking care that the new varia
bles Bi, B%, ..., Bm_\ appear only in these productions. Further,
let the nonterminal vocabulary V'N contain VN plus all the new
variables introduced in the above way, and V'T = VT. It follows
from the construction that L(G') = L(G).
2.2. A context-free grammar, with productions such that
all derivations are either of the form xB or of the form x, generates
a regular language. The same holds if all derivations are of the
form Bx or x.
THEOREM

PROOF (summarized). If all the derivations of a context-free
grammar must be of the form xB or x, then all the productions
must have the form A -* xB or A -* x. It follows from Theorem
2.1. that such grammars only generate regular languages. A similar
argument holds for grammars, all the derivations of which have
the form Bx or x, but it must be shown that grammars with pro
ductions exclusively of the form A -> Ba or A -* a generate only
regular languages.
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2.3. All finite languages are regular.

Let L be the finite set {s\, s%, ..., sn}, where st — aacitz ...
aihi- One can generate st by a finite set of regular productions,
namely S -> anAn, An -* ai2Ai2, ..., /!«,_! -» aiht, following the
construction used in the proof of Theorem 2.1. The combination
of all sets of productions for all Si gives a finite regular grammar
which generates L.
PROOF.

THEOREM

2.4. The union of two regular languages is regular.

PROOF. Let L\ and £2 be regular languages. We must show that
Ls, where l 3 = L i U L% (i.e. Lz consists of all the sentences of L\
and all the sentences of L 2 ), is also regular. Let Gt = (V^, V\,
P1, S1) be a regular grammar which generates Lu and G2 =
(Ti> VT> P2> S2) be a regular grammar which generates L2, taking
care that Vj) n V% = 0 (this is always possible). We compose
grammar G3 = (Vf,, V\, P 3 , S) as follows. (1) Vl = 7^ u Vj, u S,
i.e. F^ contains the variables of Gx and G2 plus a new variable S,
which will also serve as the start symbol of G3. (2) F | = V\ u V\.
(3) P 3 contains all productions P1 and P2 as well as all possible
productions S -> a such that either S1 -> a is a production in P 1 ,
or S 2 -+ a is a production in P 2 . Thus S => a in G3 in precisely
the cases where S1 => a in Gi and 5 2 => a in G2. Therefore
Lz = LiV L%. Because all the productions of G3 are of the required
regular form, Ls is regular.

L$ may be called the PRODUCT of Li and £2 if L3 consists of
all strings xy with x in L\ and y in Lz.
THEOREM 2.5. The product of two regular languages is regular.
(This theorem will be proven in paragraph 4.4. in connection with
the discussion of finite automata.)
2.3. CONTEXT-FREE GRAMMARS
The definition of context-free grammars (CFG) is less economical
than that of regular grammars. Any production of the form
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A -* P, where \p\ ^ 0, is allowed; p can therefore be any string
of terminal and nonterminal elements. However, one can greatly
simplify the form of productions without diminishing the gene
rative capacity of the grammars. Such simplified forms of grammars
are called NORMAL-FORMS. The most important normal-forms of
context-free grammars are the CHOMSKY NORMAL-FORM and the
GREIBACH NORMAL-FORM. We shall discuss each of these, and will
likewise prove that every context-free grammar is equivalent to a
grammar of the Chomsky normal-form.
2.3.1. The Chomsky Normal-Form
A grammar is said to be of the Chomsky normal-form if all
productions have the form A -»• BC or A -> a.
2.6. Any context-free language can be generated by a
grammar of the Chomsky normal-form.
THEOREM

By definition a context-free language can be generated by
a grammar with productions of the form A -* p. We can distin
guish three possibilities for such productions: (1) PeVr(2)pe
VN,
(3) all other cases. In order to construct a grammar G' in
Chomsky normal-form and equivalent to context-free grammar G,
we must see if production forms (1), (2), and (3) can be replaced
by the appropriate normal production forms. (1) Productions
A -* p, where P — a, are of the required form and call for no
further discussion. (2) If A -* B is a production of G, there are
two possibilities: (a) G contains no productions of the form B -» x,
i.e. B cannot be further rewritten; in this case we can simply ignore
the production A - » B in the construction of G'. (b) B can be
further rewritten in G, for instance by the productions B -» pi,
B -*-fii, ••-, B -> pn. Without diminishing the generative capacity
of the grammar we can now replace these productions, as well as
A ~* B with the set of productions A -* fiu A -*Pz, ..., A -* /?„.
In spite of rewriting, one or more of these new productions may
retain the same form, for instance A -> C. In that case we can
repeat the procedure and replace A -* C by the productions A -* >><
PROOF.
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for every yt for which C -» y*. This can in its turn lead to the
same problem, but, as G contains a finite number of variables,
the process will reach an end, except if the replacement chain
contains a loop (for example A -» B, B -> C, C -* A). But in that
case, the variables in the loop are interchangeable, and one of
them, A for instance, can replace the others in all the productions
of the grammar. The result is that all the newly constructed
productions are of form (1) or (3). Those of form (1) are of the
Chomsky normal-form. Both the new productions of form (3) and
the original form (3) productions from G can be treated as follows.
(3) In the remaining productions A -»/?, /? consists of terminal
and/or nonterminal elements. We replace all the terminal elements
with new variables. Assume that the itb element of fi is a terminal
element bt; we replace it with a new variable Bi, and add the
production Bi -» bt, which is of the required normal form. By
repeating the operation for all terminal elements in /?, we replace
the production A -* B by a production A ~> B1B2 ... Bn and a
terminal production of the form mentioned above. Finally we must
replace nonterminal productions with productions of the form
A -> BC. Here we again apply the construction used in the proof
of theorem 2.1., replacing production A -*• £1-82 ... Bn with a set
of productions A -»■ B1D1, Di -* B2D2, ... Dns -> Bn~\Bn, which
are all of the required form. It follows from the construction that
grammar G' thus obtained is equivalent to G and in the Chomsky
normal-form.
2.3. Let G = (VN, VT, P, S), where VN = {S,A,B},
VT = {a,b}, and P contains the following productions:

EXAMPLE

1. S-»aSB
2. S -> A

3. A ->ab
4. B -y b

G generates all strings of the form anbn (n > 1 when X is excluded).
Sentence asb3, for example, has the following derivation: S =>
aSB => aaSBB => aaSBb => aaSbb => aaabbb. We shall now con
struct a grammar G' in the Chomsky normal-form and equivalent
toG.
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The only production in the required form is production 4; all
others must be replaced. Beginning with production 1, we replace
S -*■ aSB with two productions S -*■ CSB and C -> a, as in (2) in
the above proof. S -* CSB can in turn be replaced by S -* CD
and D -» SB, as in (1).
In production 2 we first replace A with the strings as which it
can be directly rewritten. In the present case, the only such string
is ab (cf. production 3), and production 2 is thus replaced by
A -* ab. The normal-form can be obtained by the replacement
of a and b with new variables and the addition of two terminal
productions. As we already dispose of terminal productions C -* a
(from production 1) and B -*b (production 4), it is sufficient to
replace production 2 with S -* CB. Production 3 is at the same
time replaced by productions of the required form. Thus G
contains the following productions:
1. S -* CB
2. D -*• SB

3. S -* CD
4. C -* a

5. B-*b
The derivation of sentence a?b3 in G' is therefore S => CD =*■
aD => aSB => aCDb => aaDb => aaSBb => aaSbb => aaabbb.
Although grammars G and G' are equivalent, the derivations
differ. This can easily be observed from the derivation trees for
sentence a3b3 given in Figure 2.3.a. (derivation in G) and Figure
2.3.b. (derivation in G').
2.3.2. The Greibach Normal-Form
A grammar is in the Greibach normal-form if all the productions
are of the form A -*■ afi, where fi is a string of 0 or more variables
(fi 6 V'N).
2.7. Any context-free language can be generated by a
grammar in the Greibach normal-form.
THEOREM

For the proof of this theorem we refer the reader to Greibach
(1965). Our discussion here will be limited to the following example.
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Fig. 2.3. Derivation Trees for e?b3.
a. Derivation Tree in G.
b. Derivation Tree in G' (Chomsky normal-form).
c. Derivation Tree in G" (Greibach normal-form).

EXAMPLE 2.4. Let us once again consider grammar G of Example
2.3. In order to find a grammar G" in Greibach normal-form
which is equivalent to it, we may use grammar G' in Chomsky
normal-form as starting point. The variables of G' are S, B, C,
and D. We number these in an arbitrary order, indicating the
number by subscript: thus, Si, B%, C3, D4. We shall at this point
change the productions in such a way that the direct rewriting of
a variable has as its first element either a terminal element or a
variable with a higher number. Production 1 (Si -»■ C3B4) and
production 3 (Si -* C2-D4) already have this form. Production 2
(Z>4 ->• S1B2) can be adapted by first replacing Si with the strings
as which it can be directly rewritten, namely C3.B2 and C3-D4,
giving D4 -> CsBzBz and D4 -> C3D452. It remains the case that
the subscripts decrease (from 4 to 3), but the required form can
be obtained by replacing Cz in both productions with the only
string as which it can be rewritten, a (see production 4). This gives
the productions D4 -> aBiB% and D4 -> aDiBz. Productions 4
(C -*■ a) and 5 (B -* b) are already of the required form. Recapi
tulating, at this point we have the following productions: Si -*
CSB2, Si -> C3D4, D4 -> aDiBz, 2>4 -* aB2B2, C 3 -> a, B* -*• £.*
1

This example is relatively simple, as the case where the two subscripts are
equal does not occur. In that case a special procedure is applied, and it is this
which is the heart of Greibach's proof. We refer the reader to her original
article, or to Hopcroft and UUman (1969).
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The first two productions are not yet of the Greibach normalform; we thus replace the variable Cs in these two productions
with the only string as which it can be rewritten, a, thus also
eliminating the need for the production C% -*■ a. In this way we
arrive at the following productions for grammar G" in Greibach
normal-form (the subscripts are no longer necessary):

1. S^aB

3. D-*aBB

2. S -» aD

4. D -> aDB
5. B-*b

Grammar G" will thus generate sentence a3bz as follows: S =>
aD => aaDB => aaaBBB => aaaBBb => oaaBbb => aaabbb. The tree
diagram for this derivation is given in Figure 2.3.C.
2.3.3. Self-embedding
The economical production forms for context-free languages,
especially the Chomsky normal-form (A -ya,A -* BC), show the
minute difference in type of production which distinguishes
context-free and regular languages (the regular form is A -*■ a or
A -*■ bC). What is the characteristic difference between these two
classes of languages? One important property characterizing all
nonregular context-free languages and absent in regular languages
is t h a t Of SELF-EMBEDDING.

A context-free grammar G = (VN, VT, P, S) is called selfembedding if there is a variable B in VN, and elements a and y in V+
such that B =4- ccBy.
Thus there is a variable B which, by application of the produc
tions, can be rewritten as a string in which B itself occurs, but
neither at the beginning nor at the end. The definition implies that
a regular grammar is not self-embedding, since nonterminal
symbols occur in regular derivations only at the end of a string.
A language is self-embedding if all grammars generating it are
self-embedding.
It is therefore not sufficient that one of its grammars be selfembedding, as some self-embedding grammars merely generate
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regular languages. This is the case with the grammar of Example
2.2. Its productions are S ~* aSa S -*■ aa, S -» a, generating the
language {an\n > 1}. The language is regular, but the grammar is
self-embedding because S => aSa. The same example showed that
G', with productions S -* aS and S -» a, generates the same
language. Grammar G' is not self-embedding, and generates L(G),
and consequently, by definition, L(G) is not self-embedding.
2.8. All nonregular context-free languages are selfembedding, and all self-embedding languages are nonregular.

THEOREM

The second member of this theorem follows directly from
the definitions. A self-embedding language is generated exclusively
by self-embedding grammars; a self-embedding grammar is, as
we have seen, nonregular. Therefore a self-embedding language is
nonregular.
The first member of the theorem can be otherwise formulated.
It must be shown that all grammars of a nonregular context-free
language are self-embedding. This can be done by proving that if
a language L is generated by a non-self-embedding grammar,
it is necessarily a regular language. To do this, however, we shall
have to refer to a lemma which in turn will be easy to prove after
the discussion of finite automata in Chapter 4.
Lemma. Let Lx and L% be regular languages, and a be a terminal
element of Lx. Let Lz be a language consisting of all sentences
in L% in which the element a does not occur, as well as all strings
which can be obtained by replacing the element a in the remaining
sentences of Lx with a sentence of £2 (if Lz is infinite, this can be
done in an infinite number of ways). £3 is then a regular language.
We shall now prove that a language generated by a grammar
which is not self-embedding is a regular language. Let language L
be generated by a grammar G which is not self-embedding and
which contains the variables Ax, At, ..., An.
Let us assume that grammar G is connected: a grammar is
CONNECTED if for each pair of variables Ai, Aj (i,i — 1,2,..., n,
where n is the number of variables in the grammar), there are
strings aj and a 2 in V* such that At =5> a.xAfl2. Let Au Aj be an
PROOF.
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arbitrary pair of variables in G. Since G is connected, we have
At 4> y^A^i for some pair q>u <p2. Let us further assume that
l ^ l > 0. Let Ak, Ax also be an arbitrary pair of variables in G,
with Ak =S> i^l^4;^2, and assume that \ij/2\ > 0. Let us examine
the consequences of the two conditions \<pi\ > 0 and |^a| > 0. It
follows from the fact that G is connected that strings coi and <»2
exist such that Aj 4> (0^0)2 and that one can therefore make
the following derivation in G: At=> (piAj(p2 =*■ (p1co1Ak(D2<p2 =*■
<P\Q>$\A$2(n2<p2. But it follows from the same fact that At 4>
£,xA£2. Therefore we have the following derivation in G:
At =S- (p1<o1ij/1i;1A£2il/2(D2(p2- It follows from the two additional
conditions that Ai is self-embedding in G. But G is not self-embed
ding. At least one of the additional conditions must not be valid
for a grammar to be connected, i.e. if a connected grammar has
a pair of variables At, Aj, for which At => <x±Ap.2 with lo^] > 0,
then there is no pair of variables for which |<X2| > 0, including
the pair At, A). Therefore all the derivations in G are either all
of the forms xA and x, or all of the forms Ax and x. It follows
from Theorem 2.2. that G is regular. Theorem 2.8. is thus valid
for connected grammars. We must show that the theorem also
holds for grammars which are not connected.
A nonconnected grammar has at least one pair of variables Ai,
Aj, for which it is not the case that A; =*■ <X1AJX2 for some pair
<xi, «2- We shall prove the theorem for such cases by Mathematical
induction, in two steps: (i) we must first show that the theorem
is valid for grammars with only one variable, S; (ii) then we assume
that it holds for all grammars with less than n variables (the
induction-hypothesis) and prove that in that case the theorem also
holds for grammars with n variables. It follows from (i) and (ii)
that the theorem holds for all grammars with one or more variables.
(i) G has only one variable, S. The only possible pair of variables
is thus S,S, and consequently there is no pair ai and 1x2 such that
S 4- ajSc^. Since all productions are of the form S -*■ x, language
L(G) is finite; on the basis of Theorem 2.3. it is regular. The theo
rem is thus valid for nonconnected grammars with one variable.
(ii) Let us assume that the theorem is valid for all grammars with
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less than n variables (the induction-hypothesis). Take grammar G
with n variables Ax, A%, ..., An, where 5" = A\. Because S is the
start symbol, it is true for all variables which may occur in the
derivation of a sentence (we suppose without loss of generality
that G contains no "dummy" variables from which no derivation
is possible) that S 4 tp^^
(j > 1) and for strings <px and <pz
in V*. Because G is not connected, there must be a variable At such
that it is not true that At 4 a^Sa.2 for a pair a l9 a2. Otherwise we
would have A t => <x1<p1AJ(p20i2> D u t we know that there is at least
one pair Ai; Aj for which this is not the case.
Let us first examine the case where i > 1, that is, where At ^ S.
We can construct a grammar G' with » — 1 variables by removing
all productions of the form At ->■ y/ from G, and by replacing A%
in all productions with a new terminal element a. From the
induction-hypothesis it follows that L(G') is regular. Next let us
examine the set K of terminal strings x for which At 4 x in G,
K = {x\Ai 4 x}. This set can be generated by a grammar G"
which includes all the productions of G except those containing S
(At =S- axSoLx is impossible), and with At as start symbol. Because
G" has fewer than n variables, K is regular (by the inductionhypothesis). L(G), however, is precisely the language which results
from the replacement of the element a in the strings of L(G') with
strings x from K. It follows from the lemma that L(G) is regular.
Let us now consider the case where At = S. Take the produc
tions in G of the form S -* a; an arbitrary a* can be rewritten as
a string of terminal and/or nonterminal elements £i, £,%, ..., <?fm.
For each <^ in on we can define a set of strings Lj for which
£j- 4 x on the basis of the productions in G. Thus Lj = {x\%j 4- x}.
From the induction-hypothesis it follows that Lj is regular for
all j ' s . Let K{ be the set of strings y for which a; 4 y, i.e.
JCj = {y\«i 4 y}. From the composition of a, it follows that each
y consists of a sequence of x's respectively taken from L\, Lz, ...,
Lm, all of which are regular. From Theorem 2.5. it then follows
that Kt is regular. L{G) is the union of all Kt's. As a consequence
of Theorem 2.4., therefore, L(G) is itself regular. This completes
the proof of Theorem 2.8.
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2.3.4. Ambiguity
The generation of a sentence by a context-free grammar can be
represented by a tree diagram. This however does not mean that
a given tree diagram corresponds to only one way in which a
sentence can be derived.
EXAMPLE 2.5. Let G be a context-free grammar with the following
productions:

1. S-+AB
2. S-+CD
3. S -► be

5. B-+Sd
6. C-*aS
7. D->d

4. A -*■ a

The sentence abed can be derived from this grammar as follows:
S => AB => aB => aSd => abed. The corresponding derivation tree
is shown in Figure 2.4. There are, however, other derivations of
abed which correspond to the same tree, for example, the deriva
tion 5 => AB => ASd => Abed => abed, where the productions are
applied in a different order. This cannot be detected in the tree
diagram, which fact corresponds to our intuition that the two
derivations determine the same syntactic structure. Therefore we
cannot consider this to be a case of real ambiguity.
In order to define ambiguity in terms of derivations, we must
introduce the concept of LEFTMOST DERIVATION. We can speak of
a leftmost derivation of x if at each step in the derivation S =S- x
it is the variable farthest to the left of the string which is rewritten.
A leftmost derivation of the sentence abed can begin with S =f AB.
At this stage the leftmost variable is A; thus the following step
will be AB => aB. The leftmost variable is now B, and the next
s

A
/

8
S

A

> / \
Fig. 2.4. Derivation Tree for the Sentence abed (Example 2.5.).
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step is aB => aSd, and the final step, aSd => abed. The first deriva
tion given in this example was in fact a leftmost derivation. It is
clear that every tree diagram corresponds to no more than one
leftmost derivation, and every leftmost derivation with only one
tree diagram.
A grammar G is AMBIGUOUS if there is a sentence in L(G) for
which there are two or more leftmost derivations.
The grammar given in Example 2.5. is ambiguous, for sentence
abed has another leftmost derivation: S => CD => aSD =>- abcD =>
abed. The tree diagram for this derivation is shown in Figure 2.5.
s

Fig. 2.5. Alternative Derivation Tree for the Sentence abed (Example 2.5.).
A language L is (inherently) ambiguous if all grammars which
generate it are ambiguous.
Although grammar G of Example 2.5. is ambiguous, L{G) is
not. Language L(G) consists of sentences abed*, which can be
generated by grammar G' with productions S -» aSd and 5 -> be;
G' is not ambiguous. Languages exist, however, which are in
herently ambiguous. An example is the union of {aWcl} and
{aWcl}, briefly noted L = {a*#c*|i = j or j = k, where /, j ,
k > 1}. Any grammar for L will generate sentences with i = j by
a different process than sentences with j = k. But then sentences
with i — j = k can be generated by both processes.
2.3.5. Linear Grammars
A production is called LINEAR if it is of the form A -> xBy, i.e. if
the string derived contains only one variable. A SIGHT-LINEAR
production has the form A -*■ xB; a LEFT-LINEAR production has
the form A ~* Bx.

THE HIERARCHY OF GRAMMARS

27

A grammar is linear if each of its productions is either linear
or of the form A -* x; a grammar is right-linear if each of its
productions is either right-linear or of the form A -*■ x; a grammar
is left-linear if each of its productions is either left-linear or of
the form A -» x.
It follows from Theorem 2.1. that a right-linear grammar
generates a regular language. Left-linear grammars also generate
only regular languages.
An example of a linear grammar is G' mentioned in the preceding
paragraph, with productions S -*• aSd and S -» be. The language
generated by it, {a bed*}, is not regular; it is therefore self-embed
ding. Although the class of linear grammars has a greater gene
rative capacity than the class of regular grammars, it does not
coincide with the class of context-free languages.
2.9. There are context-free languages for which no linear
grammar exists.
THEOREM

For proof of this theorem we refer the reader to Chomsky and
Schutzenberger (1963). An example of a context-free language for
which no linear grammar can be found is language L with sentences
a""16"V26"'2 ... am*6m*6, where m > 1 and k > 1, thus strings
of alternating sequences of a's and b's, where each sequence of
b's is as long as the sequence of a's which precedes it, and ending
in a single b. A grammar for this language has the productions
S -* aSS, S -* b. The first of these productions is not linear. All
other grammars for this language likewise have at least one non
linear production.

2.4. CONTEXT-SENSITIVE GRAMMARS

2.4.1. Context-sensitive Productions
The definition of context-sensitive grammars (grammars in which
all productions are of the form a -+ fi, where |a| < |/?|) does not
indicate in what way such grammars are "sensitive to context".
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The original definition given by Chomsky (1959a) was in fact
different from the present one. He defined context-sensitive gram
mars (CSG) as grammars the productions of which have the form
<X\AOL2 -*ttip<X2,where <*i and ot2 are elements of V, and ft is an
element of V+. Thus A can be replaced by ft only if A appears
in the context <x\— az. This type of context-sensitive production
can also be written as A ->ft/ai—<xz.In spite of the change of
definition, the following theorem remains valid.
2.10. The class of languages generated by grammars
exclusively containing context-sensitive productions is the class of
type-1 languages.
THEOREM

PROOF. Let Gi be a type-1 grammar, and Ge be a grammar exclu
sively containing context-sensitive productions. Every Gc is evi
dently also a G\, because for all productions a -* ft in Ge it is true
that |«| < \ft\. However it must likewise be shown that for every
Gi there is an equivalent Gc.
Let Gi — (VN, VT, P, S) be a type-1 grammar. There is a
grammar G' — (V'N, V'T, P', S') equivalent to it, where all the
productions a -» ft in P' have the following "normal-form": either
both a. and ft are strings exclusively containing variables, or a
and ft are of the forms A and a respectively (i.e. the productions
are of the type A -*■ a). This will become evident from the following.
Let V'N consist of all the elements in VN as well as an additional
variable Xa for each element a in VT, thus FjJ = VN u {Xa\a e VT}.
To compose P' we must change the productions of P in such a
way that every terminal element a in them is replaced by Xa, then
add productions Xa -» a for every a in VT- Thus all productions
in P' are of the "normal-form" (note that this normal-form can
also be used for all type-0 grammars), and L(G') = L(Gi).
We must now find a grammar G" which contains only contextsensitive productions, and is equivalent to G'. Let a -»ft be a
production in P', with a = Ax Az ... Am, and ft — Bi Bz ... Bn,
where n^m. We replace this production with the following set
of equivalent context-sensitive productions in P":

'•^"A-At/'
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A1 - A't / — A2A3...Am
A2-*A2j
A\ —A3...Am

Am-*A'ml

A\ ... A'm+1 —

and
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A\ -* Bx
A'2 -* B2

A'm-+ BmBm+1...B„

1

j

The first group of context-sensitive productions (Ai though Am)
replaces a = A^A2 ... Am to a string of new variables A\A\...A'm.
This can in turn be replaced by B\B% ... Bnby way of the second
group of context-sensitive productions (A[ through A'm) if n > m.
When all the productions of P' have been replaced in this way
by sets of context-sensitive productions, and V^ includes V# and
the newly introduced variables, then G" is equivalent to G' and
consequently also to G'. G", however, is a Gc.
EXAMPLE 2.6. The production CD -» DC is of type-1 form.
Application of the procedure mentioned above yields the following
set of context-sensitive productions equivalent to CD -» DC:

1. C -* C'l—D
2. D -+ D'/C—

3. C -+D
4. D' -»■ C

An advantage of a type-1 grammar in context-sensitive form
(that is, containing productions exclusively in context-sensitive
form) is that the derivation of a sentence in it can be represented
by means of a tree diagram. Context-sensitive productions, in
effect, replace only one variable in the string at each step; each
step, therefore, corresponds to the branches leaving only one node.
This will be illustrated by the following example.
EXAMPLE 2.7. Let us examine the derivation of sentence aabbccdd
in grammar G of Example 1.5. G contains the following produc
tions:

1. S-*ESF
2. S -* abed
3. Ea-+aE

4. dF^Fd
5. Eb -► abb
6. cF-*ccd
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As a first step we replace grammar G with grammar G', containing
the following "normal form" productions, obtained by application
of the procedure explained in the proof of Theorem 2.10.:
1.
2.
3.
4.
5.

S -> ESF

6.
7.
8.
9.
10.

o —> Xa-Ab-XcXfi

MXa ~~* XaE
Xa-*a
XdF -*■ FXa

Z e ->• b
EXb -» XaXbXi
XCF —*■ XcXeXg,
Xc-*c
Xa -»• d

The productions are now replaced by context-sensitive produc
tions where necessary by application of the procedure given in
Example 2.6. This yields the following productions; productions
3-6 and 8-11 were obtained by means of this procedure:
9.Xd-+X'dl-F'
10. F' -* Xa
11. X'd-+F
12. Z t -► fc

1. S -> ESF
2. S -* XaXbXcXd
3. £ - > £ ' l—Xa
4. Xtt -> X'a 1 E'5. E' -» Xa
6.X'a-+E
7. X„ -> «
S. F-*F' / Xa—

13.

J B - ^ I A / - ^

14. J ? ^ Z A / I « 15. Z c ->• c
16. X„ -> d

These productions can be used to derive the sentence aabbccdd
in the following way (the numbers over the arrows refer to the
productions applied):
S i ESF X EX„XbXcXdF X

E'XaXbXcXdF

4 E'X'aXbXcXdF 4> XaX'aXbXcXdF
o

X

g

jo

=> XaEXbXcXdF

=> XaEXbXcXdF

=>

=*• XaEXbXcFXd

=> XaXaXbXbXcFXd

7,12,15,16

.,

XaEXbXcXdF
XaEXbXcXdXd
=*•

XaXaXbXbXcXcXdXd

,,

;> aabbccdd.
All sixteen productions have been used in this derivation. Figure
2.6., gives the corresponding tree diagram.
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Fig. 2.6. Derivation Tree for the Sentence aabbccdd (Example 2.7.).

Nevertheless, tree diagrams for derivations in context-sensitive
grammars are less exhaustive in illustrating the precise steps of
derivation than tree diagrams for derivations in context-free
grammars. More specifically, the diagrams do not show the
contextual restrictions operative at the various steps of rewriting
in a context-sensitive grammar, and it is possible that two deriva
tions, based on different sets of productions, will be represented
by the same tree diagram. For a context-sensitive derivation, as
opposed to a context-free derivation, the "ambiguity of x" does
not correspond to "more than one possible tree diagram for x".
2.4.2. The Kuroda Normal-Form
In the preceding paragraph two restricted forms of context-sensi
tive productions were discussed; they may be called normal-forms.
The first of them contains two types of production, a -* fi with
a and /? in V% and |a| < |/?j, and A->a. The second is the contextsensitive form A -*fi/xi—oc2, with a,\ and a2 in V* and p in K+.
We shall now introduce a third normal-form, developed by
Kuroda, which is relevant not only to the discussion of the relation
ship between context-sensitive grammars and automata (chapter 6),
but also to the proof of certain essential properties of trans
formational grammars (Volume II, chapter 5).
THEOREM

2.11. Every context-sensitive grammar is equivalent to
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a context-sensitive grammar with productions exclusively in the
following forms:
(i) 5 -» SB, (ii) CD -» EF, (iii) G -> H, (iv) A -*• a, where the
variables .4, J?, C, Z>, F, F, and H are different from the start symbol
5 (G may be identical to S).
PROOF. It is striking that no string in these production forms has
more than two elements. We shall first show that if G is contextsensitive, there exists a grammar G' equivalent to it, in which
for each production a -* fi, |a| < 2, and ]/?| < 2. In the second
place we will prove that there is a grammar Gn in the Kuroda
normal-form which is equivalent to G'.
Let G = (VN, VT, P, S) be a context-sensitive grammar. We
already know that there is an equivalent grammar G" of the first
normal-form, i.e. with production types A -* a and a -*■ /?, where
a and /? are strings of variables such that \f}\ ^ \<x\ > 0. Suppose
that the maximum length of any string of a production of G" is n.
We must construct a grammar G'" = (V%, VT, P'", S) equivalent
to G" (and thus also to G), for which the maximum string length
for any production is not greater than n — 1. To do so, we let Pm
include all the productions of P" where the string length is no
greater than 2; the remaining productions have string lengths of
3 or more. (If n — 1 or n = 2, G" already conforms to the limita
tion on string length and this step may be omitted.) Let a -> 0
be such a production; we write it then as

Aa' -> BCDp' (where |«'| > 0 and \?\ > 0).
If a' = X, we create two new variables A\ and A2, and add the
following productions to Pm:
A —y A\Az
A\ -*BC
A2 -> Dfi'
If |a'| > 0, a' can be replaced by Fa*. In that case we add the
following productions to P'":
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AE -> A'E'
A' ->J?
E'a" -> CDp'
It is clear that in both cases no string length is greater than n — J.
If we follow this procedure for all the productions of P" and add
the resulting productions to Pm, in virtue of the construction G"
will be equivalent to G", and consequently also to G. By induction
on n it follows that there is a grammar G' = (V^, VT, P', S) in
which the length of the strings in productions is limited to 2, and
which is equivalent to G.
At this point we must show that there is a grammar Gn which
is equivalent to G' and G, and which contains only productions
of types (i) through (iv). Take grammar Gn = (*$, VT, P", S'),
where F ^ f ^ u S ' u Q}. Thus we have added two new varia
bles, one of which, S", is a new start symbol. The productions
in Pn are the following:
1. S' -» S'Q
2. S' ->S
3. QA -* AQ

4.
5.
6.
7.
8.

AQ^QA
A
A
AB
^(g

-» B
-* b
-> CZ)
-» BC

■ for all variables A in G'
for
for
for
for

all
all
all
all

productions
productions
productions
productions

A -» B in G'
A -*■ b m G'
AB -» CD in G'
/( -+ BC in G"

It is clear that the productions of Gn are subject to the same
restriction of string length as the productions of C ; all strings in
productions are of a length no greater than 2. Productions 1
through 8, moreover, are all of types (i) through (iv). (Note that
the start symbol is S', while S is an ordinary variable.)
Finally, we must prove that Gn is equivalent to G"; to do so it
will be necessary to show that if x £ L(Gn), it is also true that
x e L(G'), as well as the inverse. (1) If x e L(Gn), then S' =S> x.
When every 5 ' in the derivation is replaced by S and all Q's are
omitted, every step of the derivation is in G'. This may be seen
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when the same operation is performed on the eight productions
of Gn. The first and second productions become S -+ S (which
adds nothing essential); the third and fourth productions become
A - » A (which is equally uninteresting); the fifth, sixth, and
seventh productions remain unchanged, and the eighth production
becomes A ~* BC. Thus if S' => x, each step in the derivation of x
can be simulated by the application of the productions of G', and
therefore it is true that x e L(G').
(2) Let x e L(G'); then S =*• x. It is true of every production
a -» ft in G' that it is either contained in Gn or has been replaced
by a production of type 8, AQ -*■ BC. Therefore, in order to ge
nerate x in Gn we must see to it that there is exactly one Q available
for each step of derivation in which a production of the type
A -*■ BC is involved. The Q must be placed directly to the right
of the variable A to be rewritten. This can easily be done in Gn:
we first count the number of steps in the derivation S =*■ x in
which the situation occurs, for instance n times. We then begin
the derivation of x in G„ by applying the first production n times;
this may be written as S" => S'Q". Next we replace S" with S by
means of the second production, thus S'Q" =*■ SQn. The rest of the
derivation can proceed in the same way as the derivation S 4> x,
except where the eighth type of production is involved. In this
latter case we must move one Q to the position directly to the
right of the variable to be rewritten; this is done by application
of productions of the third and fourth types. The Q is then eli
minated upon application of a production of the eighth type. In
this way Gn can generate x.
It follows from (1) and (2) that L(Gn) = L(G'). Since G' is
equivalent to G, Gn in the Kuroda normal-form is also equivalent
to G. This concludes the proof of Theorem 2.11.
We would note in conclusion that Kuroda called his normal-form
a "linear bounded grammar", analogous to the equivalent auto
maton of the same name (cf. chapter 6).

3
PROBABILISTIC GRAMMARS

3.1. DEFINITIONS AND CONCEPTS

Until now we have limited the concept of grammar to a system
of rules according to which the sentences of a language may be
generated. On the basis of such a concept one can distinguish
differences in the sentences of a language only in their derivation,
also called their STRUCTURAL DESCRIPTION. However one might
also consider the differences in frequency with which sentence
types occur in a language. One reason for doing so, as we shall
see in chapter 8, is to facilitate the choice between two or more
grammars which generate the same language. One might determine
the efficiency of a grammar on the basis of the frequencies with
which particular derivations or sentence types occur in a language.
But the concept "efficiency" has not been clearly defined, and the
usefulness of a probabilistic interpretation of it will have to be
considered in each concrete situation. We shall return to this
subject in chapter 8.
We shall limit our discussion in the present chapter to an exten
sion of the concept "grammar" which will enable us to describe
the probability of occurrence of sentences in a language. There
fore, we shall first define the concept of a probabilistic grammar.
A PROBABILISTIC GRAMMAR G is a system {VN, VT, P, S) in which:
(1) VN (the nonterminal vocabulary), V? (the terminal vocabul
ary), and P (the productions) are finite, nonempty sets.
(2) VNnVT = 0.
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(3) Let VN U VT = V; P is composed of ordered groups of
three elements (a;, ftp p y ), ordinarily written otj 5> J3,, where
a* e V+, Pi e F*, and pa is a real number indicating the pro
bability that a given string on will be rewritten as fa. The number
Pij is called the PRODUCTION PROBABILITY of v.% -* /fy.
(4) S e K*.

This definition differs from the original definition of grammar
only in that a probability is assigned to every production.
A probabilistic grammar is NORMALIZED if for every production
a
i ~* Pj> it is true that ]T p = 1 for every a£ in the productions.
J

This means that if on occurs in a derivation, the total chance that
on will be rewritten by means of some production is equal to 1.
A production whose probability is equal to 0 cannot be used; it
can simply be excluded from P. The reason for allowing the possi
bility that p = 0 is only of practical interest in some calculations.
In the following, however, we shall suppose that every pa > 0
unless otherwise mentioned.
p

We use the notation a 4- p for a derivation a => £j => {2 ... =** P,
where each step is the result of the application of one production,
and where p =f(pi,pz, ■■-,pn)- The analogy with standard nota
tion is obvious, but to avoid crowding symbols above the arrow,
we shall omit the asterisk, except where doing so might lead to
confusion, and write x=> p.
Function / is determined by the interdependence, or lack of it,
between the various steps of the derivation. A probabilistic gram
mar is called UNRESTRICTED if the steps of a derivation in it are
mutually independent; in this case p ~ pi -p2 •... • pn- As no
considerable literature exists on the subject of restricted probabil
istic grammars, we shall limit our discussion to unrestricted
probabilistic grammars. In applications of the theory, however, it
will be necessary to estimate the validity of the presupposition
that the productions are mutually independent.
A SENTENCE generated by a probabilistic grammar is a finite
string s of terminal elements, where S => s and p > 0.
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A probabilistic grammar G is AMBIGUOUS if at least one sentence
can be derived in it in more than one way. A sentence is &-times
ambiguous if there are k derivations S Q s, S S- s, ..., S S- s.
A PROBABILISTIC LANGUAGE L, generated by a probabilistic gram
mar G, is the set of pairs (s,p(s)), where: (1) s is a sentence generated
k

by G, and (2) p(s) = £ Pi(s) where k is the number of different
ways in which s can be derived from S. We call p(s) the PROBABILITY
of s in L. A probabilistic language can also be defined, without
reference to a grammar, as a subset of V^ for which a probability
distribution has been defined (VT is any finite vocabulary).
Two probabilistic grammars G\ and Gz are EQUIVALENT if they
generate the same probabilistic language L, i.e. the same set of
pairs (s, p(s)). Notice that equivalence here requires also that the
probabilities of the sentences be the same.
A probabilistic language L = {(s, p(s))j is NORMALIZED if
Z K s ) = !• This means that the language has a total probability
set

of 1. We shall see later that a normalized probabilistic grammar
need not generate a normalized probabilistic language.

3.2. CLASSIFICATION

Probabilistic grammars may be classified as follows in a way
completely analogous to that used in Chapter 2.
Type-0 probabilistic grammars are all probabilistic grammars
which satisfythe definition given above. Type-1 or CONTEXT-SENSITIVE
probabilistic grammars are those probabilistic grammars in which,
for all productions ak ™ pj, it is true that Jaj| < J/J,J. Type-2 or
CONTEXT-FREE probabilistic grammars are those probabilistic gram
mars in which, for all productions a, ^+ pp it is true that a; =
A, e VN. Type-3 or REGULAR probabilistic grammars are type-2
probabilistic grammars whose productions are exclusively of the
forms A -* aB and A -* a.
It is obvious that this classification is completely independent
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of the probabilistic aspect of the grammars. This is also true of
the classification of probabilistic LANGUAGES generated by probabil
istic grammars. Thus we have type-0 probabilistic languages,
type-1 or context-sensitive probabilistic languages, type-2 or
context-free probabilistic languages, and type-3 or regular proba
bilistic languages.
In the present chapter only regular and context-free probabilistic
grammars will be treated, as no results on the other two types are
yet available.
3.3. REGULAR PROBABILISTIC GRAMMARS

Three theorems will be treated in this paragraph. The first of them
is of direct practical interest. The second, on the other hand,
appears to be somewhat alarming from a practical point of view,
but the third, which has not as yet been proven, suggests that
things might not be as problematic as they seem.
3.1. Every normalized regular probabilistic grammar
generates a normalized regular probabilistic language.
THEOREM

In such a case, the probabilistic grammar is said to be CONSISTENT,
and the theorem is therefore called a CONSISTENCY-THEOREM.
The theorem is of practical interest in determining the frequen
cies of sentences in a language. To do so one would wish to be
certain that the sum of the corresponding probabilisties is equal
to 1. The theorem states that this is guaranteed if the regular
grammar in question is normalized.
The proof of this theorem supposes some acquaintance with
matrix algebra. For readers who prefer to omit it we shall first
present an example which holds the essence of the proof without
requiring knowledge of matrix algebra. The general proof will be
given later.
EXAMPLE 3.1. Let (7 be a regular probabilistic grammar with the
following productions:
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1. S X a

3. B X bA

2. S -4- aB

4. B

39

Xb

5. A -* a
G is normalized because for every variable the total chance of
being rewritten is equal to 1. Only three sentences can be generated
by G: a, ab, aba. The derivations with their respective probabilities
are as follows:
S => a

p(a) = \

S^aB^ab

P(a&) = l - f = |

S => aB => abA => aba

p(aba) — \ • \ • 1 = \

L(G) is evidently normalized, because

£

p(s) = -| + ^ + i = l .

sei(ff)

On the basis of this example we shall now show that there is a
simple method for determining the chance that a regular probabil
istic grammar will generate sentences up to a certain length. To
do so we present the probabilities of the productions in G in matrix
form 1 as follows:
S

A

B

VT

S

0

0

-§• -§•

A

0

0

0

1

B

0

i

0

f

Fr

0

0

0

1

Let us examine the first row (row-element S). It shows the chances
for the respective column-elements to appear in direct or "one1
A matrix is a rectangular grid with one or more rows and one or more
columns. Each row is denoted by a ROW-ELEMENT XU and each column by a
COLUMN-ELEMENT yt. At the intersection of row /* and column/ is the MATRIX-

ELEMENT aa.
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step" derivations from S. There are only two productions for
rewriting S, S -*■ aB and S -* a. The matrix-element under B in
row S has the value -§■ because of the first of these productions,
and the matrix-element under VT in the same row has the value \
because of the second production. Column VT thus serves for all
productions in which a variable is rewritten as a terminal element,
regardless of which terminal element it is. Row A shows how the
variable A can be rewritten in one step, and with what probability,
thus A can be rewritten only as a terminal element, with probability
1. Row B shows to which elements the variable B can be rewritten,
and with what probability, thus it can be rewritten as A with
probability ■§- and as a terminal element with probability •§-. The
fourth row, row VT, is added to the matrix for further calculations;
it is composed of zeros, except the rightmost element which has
the value 1.
This matrix, which we shall call matrix C, has a pleasant property
which may be explained as follows. We know that by definition
sentences are derived from 5". If we wish to know the chance for
a sentence with length 1, we look at row S under VT, and find the
value \. What then is the chance for a sentence of length 1 or 2?
Such sentences are derived by going from 51 to VT by two steps
at most. The variables S, A, or B may be present in the first
derived string. Consequently there are four possibilities of arriving
at a sentence with a length of 2:
(1) From S a string is derived in which S is present, then £ is
replaced by a terminal element. One can immediately see in the
matrix that these two steps have respective probabilities of 0
and •§-. The total chance of such a derivation is thus 0 • |- = 0.
(2) From S the variable A is first derived, then a terminal element
is derived from A. The chance for this is 0 • 1 = 0 .
(3) From S a string is derived with the variable B, then a terminal
element is derived from B. The chance for this is \ • § = ■§■.
(4) A terminal element is directly derived from S. The chance for
this is \. The total chance for a sentence with length 1 or 2 is the
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sum of these four probabilities, 0 + 0 + i + i = | . This is pre
cisely the chance for the sentence a (§) plus the chance for the
sentence ab (4), the only two sentences of the grammar in this
category.
This operation can also be carried out systematically by means
of MATRIX-MULTIPLICATION. The four steps which we have just
performed correspond to the multiplication in pairs of the elements
in row S with the elements in column VT, followed by the addition
of the four products: (0 • | ) + (0 • 1) + ( | • f) + ( | • 1) = | . We
say then that the row-vector S is multiplied by the column-vector VT.
Let us make a new matrix C 2 , and put the result -§ at the inter
section of row & and column VT- The remaining matrix-elements
of C 2 are obtained in a similar way, that is the multiplication of
a given row-vector in C with a given column-vector in C yields
the matrix-element in C2 for the intersection of the row and
column in question. For example, the matrix-element in C2 for
the intersection of row S and column A is i . This is obtained
by multiplying the row-vector S in C by the column-vector A:
(0 • 0) + (0 • 0) + ( I • | ) + (i • 0) = i. The value £ means that
there is one chance out of six of deriving a string with A from S
in no more than two steps. Matrix C2 is called the square of matrix C.

S
A
B
VT

S

A

B

Vr

0
0
0
0

i
0
0
0

0
0
0
0

|
1
1
1

= C2

By multiplying C by C2 (multiplying the row-vectors in C by the
column-vectors in C%) we obtain matrix C 3 :

S
A
B
VT

S

A

B

VT

0
0
0
0

0
0
0
0

0
0
0
0

1
1
1
1

= C3

